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Vwruhv/ Sulfhv/ dqg Fxuuhqf| Vxevwlwxwlrq
Jdeulhoh Fdphud dqg Mrkdqqhv Zlqnohu+-,
Sxugxh Xqlyhuvlw|
Wklv Yhuvlrq= Mdqxdu| 5333
Devwudfw1
Zh vwxg| hqgrjhqrxv fxuuhqf| vxevwlwxwlrq lq d ghfhqwudol}hg wudgh hqylurqphqw1 Vhoohuv pd{l0
pl}h sur￿wv iurp vdohv ri lpshuihfwo| vxevwlwxwdeoh jrrgv e| srvwlqj sulfhv lq hlwkhu rqh ri wzr
fxuuhqflhv1 D xqltxh v|pphwulf htxloleulxp h{lvwv zkhuh jrrgv duh sulfhg rqo| lq wkh orfdo fxu0
uhqf|1 Wklv rffxuv li iruhljq wudgh lv vsrudglf/ wkhuh lv vx!flhqw exw qrw h{fhvvlyh oltxlglw|/ dqg
glvfrxqwlqj lv orz1 H{fhvv ru vfduflw| ri oltxlglw|/ krzhyhu/ lqgxfhv vhoohuv wr h{wudfw doo vxusoxv
iurp ex|huv1 Wklv ghvwur|v wkh prqhwdu| htxloleulxp dqg vkxwv grzq wudgh1 Htxloleuld zlwk
dqg zlwkrxw fxuuhqf| vxevwlwxwlrq frh{lvw rq vrph uhjlrq ri wkh sdudphwhu vsdfh/ dqg pd| eh
pxowlsoh1 Zh suryh wkdw sxufkdvlqj srzhu sdulw| pd| krog hyhq li iruhljq wudgh lv frvwo| dqg
wkh fxuuhqf|*v ydoxh gl￿huv dfurvv frxqwulhv1 Lqwhuqdwlrqdo flufxodwlrq ri prqh| pd| h{sdqg wkh
h{whqw ri wkh pdunhw khqfh hqkdqfh zhoiduh1
+-, SUHOLPLQDU\ QRWHV1 Frpphqwv zhofrph1 Zh judwhixoo| dfnqrzohgjh wkh ￿qdqfldo vxssruw ri
Sxugxh*v FLEHU/ dqg wkh Sxugxh Uhvhdufk Irxqgdwlrq1 Fruuhvsrqglqj dxwkru JfdphudCpjpw1sxugxh1hgx1
441 Lqwurgxfwlrq
Zh ghyhors d wkhruhwlfdo vwxg| ri wkh ghwhuplqdqwv ri fxuuhqf| vxevwlwxwlrq lq d wzr0frxqwu| vhwwlqj
zkhuh wudgh lv ghfhqwudol}hg dqg vxemhfw wr iulfwlrqv1 E| fxuuhqf| vxevwlwxwlrq zh ghqrwh d vlwxdwlrq lq
zklfk gl￿huhqw fxuuhqflhv duh xvhg dv phgld ri h{fkdqjh lq dq hfrqrp|14 Rxuv lv d vwxg| ri lwv wkhruhwlfdo
xqghuslqqlqj/ dqg lw frpsohphqwv d olplwhg qxpehu ri uhfhqw sdshuv rq pxowl0fxuuhqf| hfrqrplhv zkhuh wudgh
lv ghfhqwudol}hg dqg fxuuhqflhv duh qrw sulplwlyhv +vhh Pdwvx|dpd hw Do/ 4<<8/ dqg Wuhmrv dqg Zuljkw/ 4<<9/
5333,1 Zh gr vr e| phdqv ri d vhdufk0wkhruhwlf jhqhudo htxloleulxp prgho zkhuh wzr w|shv ri lqfrqyhuwleoh
dqg lqwulqvlfdoo| zruwkohvv slhfhv ri sdshu kdyh ydoxh lq htxloleulxp lq wkdw wkh| fdq eh h{fkdqjhg iru jrrgv
zkrvh frqvxpswlrq jhqhudwhv xwlolw|1
Ehfdxvh vhdufk0wkhruhwlf prghov kdyh ehhq vr vxffhvvixo lq ghvfulelqj krz vrph ￿dw prqh| fdq frph wr
eh xvhg lq dq hfrqrp|/ dq reylrxv qh{w vwhs lv wr h{sodlq zkdw hfrqrplf sdudphwhuv d￿hfw lwv dffhswdelolw|
deurdg1 Lq sduwlfxodu zh dvn wkh iroorzlqj txhvwlrqv1 Xqghu zkdw frqglwlrqv zloo d iruhljq fxuuhqf| ehfrph
d grphvwlf phglxp ri h{fkdqjh/ krz zloo sulfhv eh d￿hfwhg/ dqg zkdw duh lwv zhoiduh lpsolfdwlrqvB Duh
lqwhuqdwlrqdo wudgh iulfwlrqv vx!flhqw wr fdxvh ghsduwxuhv iurp wkh odz ri rqh sulfhB Fdq wkh uhwxuq iurp
kroglqj d fxuuhqf| gl￿hu dfurvv uhjlrqv zkhuh lwv sxufkdvlqj srzhu lv lghqwlfdoB
Zh vkrz wkdw lw lv wkh oltxlglw| vhuylfhv surylghg e| d fxuuhqf| +uhodwlyh wr dqrwkhu, wkdw pd| lqgxfh
fxuuhqf| vxevwlwxwlrq1 Zh dovr suryh wkdw/ hyhq lq d vw|ol}hg wudgh hqylurqphqw dv rxuv/ ghsduwxuhv iurp
sxufkdvlqj srzhu sdulw| duh qrw qhfhvvdulo| gxh wr wkh suhvhqfh ri ghfhqwudol}hg h{fkdqjh/ lqwhu0uhjlrqdo
wudgh lpshglphqwv/ ru gl￿hulqj fxuuhqf| ydoxdwlrqv1 Udwkhu/ wkh| dsshdu wr vwhp iurp sulflqj ghflvlrqv ri
sur￿w pd{lpl}lqj vhoohuv zkr vrphwlphv pd| ￿qg lw zruwkzkloh wr sulfh glvfulplqdwh djdlqvw wkrvh ex|huv
kroglqj d iruhljq fxuuhqf|1 Lq idfw/ zh suryh wkdw erwk fxuuhqflhv zloo frpsohphqw hdfk rwkhu dv phdqv
ri sd|phqw zlwklq wkh vdph uhjlrq zkhq wklv lpsuryhv wkh h{whqw ri wkh pdunhw/ lq zklfk fdvh wkh| pd|
+ru pd| qrw, eh wuhdwhg dv shuihfw vxevwlwxwhv1 Wklv/ lq wxuq/ lpsolhv wkdw fxuuhqf| vxevwlwxwlrq pd| kdyh
zhoiduh hqkdqflqj h￿hfwv zkhq wkhuh lv vfduflw| ri orfdo oltxlglw|1
51 Pxowlsoh Fxuuhqflhv lq Prghov ri Ghfhqwudol}hg Wudgh1
Zkloh wkh dqdo|vlv ri jhqhudo htxloleulxp prghov zlwk wzr0frxqwu| dqg wzr0fxuuhqflhv kdv ehhq wkh
vxemhfw ri d odujh qxpehu ri vwxglhv/ wkh juhdwhvw pdmrulw| ri wkhp kdv irfxvhg rq hfrqrplf hqylurqphqwv
zkhuh erwk qdwlrqdo dqg lqwhuqdwlrqdo wudgh wdnhv sodfh lq rujdql}hg pdunhwv15 Lw lv zhoo nqrzq/ krzhyhu/
4Fxuuhqf| vxevwlwxwlrq/ vrphwlphv uhihuuhg wr dv ￿groodul}dwlrq￿/ kdv ehhq gh￿qhg gl￿huhqwo| lq wkh olwhudwxuh/ udqjlqj iurp
d yhu| eurdg wr d yhu| qduurz gh￿qlwlrq1 Iru d vxuyh| vhh Fdoyr dqg Yhjk +4<<9, dqg Jlrydqqlql dqg Wxuwoherrp +4<<5,1
5Prqhwdu| h{fkdqjh zlwk vhyhudo ￿dw remhfwv kdv dowhuqdwlyho| ehhq prwlydwhg e| vrph irup ri pdunhw lqfrpsohwhqhvv +vhh
wkh ryhuodsslqj jhqhudwlrqv prgho ri Nduhnhq dqg Zdoodfh/ 4<;4/ rq lqghwhuplqdf| ri h{fkdqjh udwhv,/ wkh h{lvwhqfh ri Forzhu
frqvwudlqwv +vhh iru lqvwdqfh wkh zrun ri Oxfdv/ 4<;5/ rq wkh ghwhuplqdwlrq ri sulfhv dqg h{fkdqjh udwhv,/ ru e| sodflqj dvvhwv
lqwr xwlolw| ixqfwlrqv +vhh wkh zrun ri Fdoyr/ 4<;8/ rq fxuuhqf| vxevwlwxwlrq,1
5wkdw rqo| vrph frpprglwlhv +dqg ihz pdqxidfwxuhg jrrgv, duh wudghg vlpxowdqhrxvo| dqg pxowlodwhudoo| rq
rujdql}hg h{fkdqjhv1
D pruh frqjhqldo uhsuhvhqwdwlrq ri wkh wudgh surfhvv pd| shukdsv eh ghvfulehg e| d vhdufk surfhvv
dffruglqj wr zklfk vsdwldoo| glvshuvhg vhoohuv duh pdwfkhg wr ex|huv/ dw gl￿huhqw srlqwv lq wlph1 Proglqj
h{fkdqjh dv d ghfhqwudol}hg surfhvv/ lq wxuq/ kdv lpsolfdwlrqv iru lqwhuqdwlrqdo wudgh  rzv dqg srolflhv/
uhodwlyh sulfhv/ wkh sxufkdvlqj srzhu dqg wkh flufxodwlrq ri gl￿huhqw fxuuhqflhv lq gl￿huhqw hfrqrplf uhjlrqv
+iru lqvwdqfh/ ehfdxvh ri wkhlu sur{lplw|,1 Wkhvh lvvxhv kdyh ehhq uhfhqwo| uhfrjql}hg qrw rqo| e| wudgh
wkhrulvwv +vhh wkh zrun ri Udxfk/ 4<<9 dqg 4<<<,/ exw dovr e| prqhwdu| wkhrulvwv1 Lq dq lq xhqwldo sdshu
Pdwvx|dpd hw Do1 +4<<8, kdyh ghyhorshg d jhqhudo htxloleulxp prgho ri ghfhqwudol}hg wudgh zlwk pxowlsoh ￿dw
fxuuhqflhv dqg pxowlsoh frxqwulhv1 Lq lw/ wkh| surylgh frqglwlrqv iru d fxuuhqf| wr flufxodwh lqwhuqdwlrqdoo|/
xqghu wkh dvvxpswlrq ri ￿{hg whupv ri wudgh1 Wuhmrv dqg Zuljkw +4<<9/ 5333, kdyh vxevhtxhqwo| h{whqghg
wklv hduo| prgho e| lqfrusrudwlqj hqgrjhqrxv sulfh ghwhuplqdwlrq zlwk wkh remhfwlyh ri fkdudfwhul}lqj wkh
fxuuhqflhv* uhodwlyh sxufkdvlqj srzhu lq wkh suhvhqfh ri gl￿huhqw dprxqwv ri oltxlglw|/ wudgh iulfwlrqv/ dqg
prqhwdu| srolflhv16
Fuxfldo lq Wuhmrv dqg Zuljkw*v dqdo|vlv lv wkh dvvxpswlrq ri d edujdlqlqj surwrfro dffruglqj wr zklfk
ex|huv +zkr krog lqglylvleoh prqh|, pdnh d wdnh0lw0ru0ohdyh0lw txdqwlw| r￿hu wr vhoohuv +zkr kdyh qr prqh|,
zkr/ frqvhtxhqwo|/ uhfhlyh }hur vxusoxv lq dq| wudgh +dqg }hur olihwlph xwlolw|,1 Zkloh wklv vlpsoh sulflqj
uxoh vlpsol￿hv wkh prgho vxevwdqwldoo| dqg surylghv d jrrg ehqfkpdun/ lw dovr kdv vrph frqvhtxhqfhv iru wkh
h{lvwhqfh dqg qdwxuh ri htxloleuld1 Iluvw/ fxuuhqf| vxevwlwxwlrq lv qrw dq htxloleulxp xqohvv wkh frxqwulhv duh
vx!flhqwo| lghqwlfdo hfrqrplhv17 Dgglwlrqdoo|/ zkhq erwk fxuuhqflhv flufxodwh lq erwk frxqwulhv/ sulfhv duh
lqghshqghqw ri wkh fxuuhqf| xvhg dqg klqjh h{foxvlyho| rq wkh vhoohu*v qdwlrqdolw|1 Lw iroorzv wkdw fxuuhqflhv
kdyh dozd|v htxdo sxufkdvlqj srzhu zlwklq d frxqwu|/ exw xqhtxdo sxufkdvlqj srzhu dfurvv frxqwulhv +xqohvv
wkh| duh lghqwlfdo hfrqrplhv,1 Vxusulvlqjo|/ wkhvh uhvxowv duh frpsohwho| uhyhuvhg zkhq fxuuhqf| vxevwlwxwlrq
wdnhv sodfh rqo| lq rqh hfrqrp|1 Lq vxfk d fdvh sxufkdvlqj srzhu sdulw| pd| krog exw rqo| li wkh frxqwulhv
duh qrw v|pphwulf/ dqg wkh wzr fxuuhqflhv zloo qhyhu eh shuihfw vxevwlwxwhv lq wkh hfrqrp| zkhuh erwk
kdyh ydoxh +wkh iruhljq fxuuhqf| kdylqj juhdwhu sxufkdvlqj srzhu,1 Ilqdoo|/ wkh ydoxh ri d fxuuhqf| +khqfh
lwv sxufkdvlqj srzhu, lv lqghshqghqw ri wkh ydoxh ri wkh frpshwlqj prqh|/ hyhq lq htxloleuld zlwk fxuuhqf|
vxevwlwxwlrq1
Zh dgguhvv wkhvh vkruwfrplqjv e| dgrswlqj d gl￿huhqw +dqg suredeo| pruh uhdvrqdeoh, sulflqj surwrfro
6Udqgrp pdwfklqj hqylurqphqwv kdyh uhfhqwo| ehhq xvhg wr vwxg| qrplqdo h{fkdqjh ghwhuplqdwlrq zkhq fxuuhqf| h{fkdqjh
lv dovr srvvleoh dqg sulfhv duh hlwkhu hqgrjhqrxv +Fudlj dqg Zdoohu/ 4<<</ dqg Khdg dqg Vkl/ 4<<;,/ ru h{rjhqrxv +]krx/ 4<<:,1
Fudlj dqg Zdoohu/ lq sduwlfxodu/ vwxg| fxuuhqf| sruwirolrv qxphulfdoo| dqg fkdudfwhul}h wkh glvwulexwlrq ri qrplqdo h{fkdqjh
udwhv1
7Rq wkh rwkhu kdqg/ dv wkh dxwkruv srlqw rxw/ wkh edujdlqlqj surwrfro dgrswhg lpsolhv wkdw vhoohuv zrxog dozd|v eh zloolqj
wr dffhsw dq| fxuuhqf|/ krzhyhu vpdoo wkh dvvrfldwhg uhwxuq1 Khqfh fxuuhqf| vxevwlwxwlrq zrxog eh wkh rqo| htxloleulxp xqohvv
eduwhu lv srvvleoh/ ru edujdlqlqj ru rwkhu wudqvdfwlrq frvwv +gluhfw ru lqgluhfw, duh eruqh e| vhoohuv1
6edvhg rq wkh ruglqdu| revhuydwlrq wkdw lq uhwdlo wudqvdfwlrqv lw lv wkh vhoohu zkr fkrrvhv erwk wkh fxuuhqf|
lq zklfk wr wudgh dqg wkh sulfh+v, wr srvw lq klv vwruh1 Wkh dqdo|vlv lv fduulhg rxw lq d surwrw|slfdo vhdufk
prgho zkhuh vhyhudo w|shv ri vhoohuv dqg ex|huv sduwlflsdwh lq udqgrp sdluzlvh prqhwdu| h{fkdqjh erwk
orfdoo| ru dfurvv wzr gl￿huhqw uhjlrqv +ru frxqwulhv,1 Hqgrjhqrxv sulfh irupdwlrq lv wkh uhvxow ri vhoohuv
fkrrvlqj wkh sulfhv wr eh srvwhg lq dq| fxuuhqf| wkh| ghvluh1 D vhoohu vshfldol}hv lq wkh surgxfwlrq ri rqh
w|sh ri jrrg/ dqg hvvhqwldoo| dfwv dv d vshfldow| ￿vwruh￿ dwwhpswlqj wr pd{lpl}h wkh sur￿w iurp vdohv wr
ex|huv zklfk duh krprjhqrxv dfurvv frxqwulhv exw udqn jrrgv gl￿huhqwo|1 Ex|huv* w|sh dqg qdwlrqdolw|/
krzhyhu/ lv xqrevhuyhg vr wkdw vwruhv pd| rqo| wdnh lqwr dffrxqw wkh fxuuhqf| r￿huhg/ khqfh srvw sulfhv wr
pd{lpl}h wkh sur￿w iurp h{shfwhg vdohv lq hdfk fxuuhqf| ghqrplqdwlrq1 Wklv fdq srwhqwldoo| jhqhudwh sulfh
glvfulplqdwlrq ryhu fxuuhqflhv/ zkhuhe| gl￿huhqw txdqwlwlhv ri jrrgv +ru qrqh dw doo, duh vrog iru gl￿huhqw
fxuuhqflhv1
Wkh pdlq frqvhtxhqfh lv wkdw wkh sxufkdvlqj srzhu ri d fxuuhqf| lv d ixqfwlrq ri erwk lwv ghqrplqdwlrq
dqg wkh orfdwlrq ri vwruhv +grphvwlf ru iruhljq,1 Zh suryh h{lvwhqfh ri htxloleuld zkhuh grphvwlf vwruhv
srvw sulfhv lq whupv ri erwk wkh qdwlrqdo dqg wkh iruhljq fxuuhqf| +ru ylfh0yhuvd,1 Lq grlqj vr/ zh frq￿up
dqg h{whqg wkh zrun ri Wuhmrv dqg Zuljkw +4<<9/ 5333, e| vkrzlqj wkdw sulfhv duh shuihfwo|  h{leoh dqg
uhvsrqg wr wudgh iulfwlrqv dqg fkdqjhv lq wkh txdqwlw| ri prqh| lq erwk frxqwulhv1 Krzhyhu/ zh suryh wkdw
wudgh iulfwlrqv duh qrw vx!flhqw shu vh wr jhqhudwh sxufkdvlqj srzhu lqhtxdolw| dfurvv frxqwulhv1 Lq idfw/ zh
surylgh frqglwlrqv iru wkh h{lvwhqfh ri d fodvv ri htxloleuld zlwk erwk fxuuhqf| vxevwlwxwlrq dqg sxufkdvlqj
srzhu sdulw| hyhq zlwk ixqgdphqwdoo| gl￿huhqw hfrqrplhv dqg vxevwdqwldo lqwhuqdwlrqdo wudgh iulfwlrqv1 Lq
rqh lqvwdqfh zh vkrz wkdw wkh iruhljq fxuuhqf| pd| kdyh lghqwlfdo sxufkdvlqj srzhu dfurvv frxqwulhv/ hyhq
li lw lv ydoxhg pruh grphvwlfdoo| wkdq deurdg/ dqg hyhq lq wkh suhvhqfh ri ￿krph jrrg eldv￿ +zlwk grphvwlf
vwruhv jlylqj glvfrxqwv wr ex|huv pdnlqj d sxufkdvh zlwk grphvwlf fxuuhqf|,1 Ehfdxvh htxloleuld zlwk orfdo
dqg lqwhuqdwlrqdo fxuuhqflhv frh{lvw/ zh dovr vkrz wkdw fxuuhqf| vxevwlwxwlrq pd| ohdg wr d zhoiduh vxshulru
rxwfrph18
Wkh frqwulexwlrq ri wklv vwxg|/ krzhyhu/ jrhv eh|rqg surylqj h{lvwhqfh ri htxloleuld zlwk fxuuhqf| vxe0
vwlwxwlrq1 E| dgrswlqj d vhoohu0srvwlqj0sulfh surwrfro zh dovr h{whqg dqg frpsohphqw suhylrxv zrun rq
h{lvwhqfh ri prqhwdu| htxloleuld lq vhdufk wkhruhwlf prghov ri prqh| zlwk hqgrjhqrxv sulfh irupdwlrq +vhh
Wuhmrv dqg Zuljkw/ 4<<8/ Vkl/ 4<<8,/ zlwk vrph qryho uhvxowv19 Vshfl￿fdoo|/ zh ￿qg wkdw/ xqolnh qhduo| doo
suhylrxv udqgrp pdwfklqj prghov/ v|pphwulf prqhwdu| htxloleuld pd| h{lvw rqo| li wkh dydlodeoh dprxqw
ri fxuuhqf| lv qhlwkhu h{fhvvlyh qru wrr olplwhg/ dqg li lqglylgxdov duh vx!flhqwo| sdwlhqw1 Sulfhv pd| eh
h!flhqw hyhq lq wkh suhvhqfh ri d srvlwlyh glvfrxqw idfwru/ lq wkh vhqvh wkdw wkhuh pd| eh d txdqwlw| ri prqh|
8Nrfkhuodnrwd dqg Nuxhjhu +4<<;,/ dujxh wkdw lw pd| eh vrfldoo| ehqh￿fldo wr kdyh pxowlsoh qdwlrqdo prqh|v1 Wklv lv
rewdlqhg lq d udqgrp pdwfklqj prgho zkhuh suhihuhqfhv duh gh￿qhg ryhu wkh qdwlrqdolw| ri jrrgv1 Lw iroorzv wkdw li suhihuhqfhv
duh vx!flhqwo| khwhurjhqhrxv ryhu wkh gl￿huhqw qdwlrqdolwlhv ri jrrgv/ kdylqj wzr prqh|v ohdgv wr d Sduhwr vxshulru doorfdwlrq1
9Vhh dovr wkh uhfhqw sdshu ri Vroohu dqg Zuljkw +4<<<,1
7vxfk wkdw wkh rxwsxw vrog lv htxlydohqw wr wkh vroxwlrq wr d vrfldo sodqqhu*v sureohp1 Zh dovr ￿qg wkdw sulfhv
idoo iru d pdujlqdo lqfuhdvh lq wkh phdvxuh ri ex|huv ehfdxvh ri wkh lqfuhdvhg h{whqw ri wkh pdunhw idfhg e|
vhoohuv1 D kljk ghjuhh ri lpsdwlhqfh ru dq h{fhvvlyho| odujh sursruwlrq ri ex|huv/ krzhyhu/ zrxog lqgxfh d
vhoohu wr lqfuhdvh sulfhv dqg fdwhu wr d vpdoohu vhjphqw ri wkh ghpdqg iru klv jrrg1 Prvw uhpdundeo|/ wkhuh lv
d oltxlglw| wkuhvkrog eh|rqg zklfk vhoohuv zrxog fkdujh suhplxp sulfhv zlwk wkh lqwhqw wr h{wudfw doo vxusoxv
iurp wkrvh ex|huv zkr kdyh wkh kljkhvw ydoxdwlrq iru wkh frpprglw| r￿huhg1 Lq d v|pphwulf htxloleulxp/
wklv ehkdylru zrxog ghsulyh prqh| ri ydoxh1 Wklv zrxog dovr rffxu iru olplwhg dprxqwv ri fxuuhqf|/ zkhq
wrr lqiuhtxhqw vdohv zrxog lqgxfh wkh srvwlqj ri suhplxp sulfhv/ hyhq lq wkh devhqfh ri wlph glvfrxqwlqj1
Zh suhvhqw wkh hqylurqphqw lq wkh iroorzlqj vhfwlrq/ dqg glvfxvv wkh v|pphwulf vwdwlrqdu| htxloleulxp
vwudwhjlhv/ ydoxh ixqfwlrqv/dqg glvwulexwlrq ri prqh| lq vhfwlrq 71 Vhfwlrq 8 irfxvhv rq htxloleuld zlwk orfdo
fxuuhqflhv/ dqg fxuuhqf| vxevwlwxwlrq1 Vhfwlrq 9 frqfoxghv1
61 Hqylurqphqw
Wlph lv frqwlqxrxv dqg jrhv rq iruhyhu1 Wkhuh lv d frqwlqxxp ri lqglylgxdov dqg jrrgv ri phdvxuh rqh1
Lqglylgxdov dqg jrrgv pd| ruljlqdwh iurp rqh ri wzr frxqwulhv/ ghqrwhg e| g 5i G>Ij= d iudfwlrq S?4
ri lqglylgxdov ehorqjv wr wkh grphvwlf hfrqrp|/ G/ dqg wkh uhpdlqlqj iudfwlrq 4 ￿ S olyhv lq wkh iruhljq
hfrqrp|/ I1 Lq hdfk frxqwu| wkhuh duh Q w | s h vr id j h q w vd q gQw|shv +ru vhwv, ri jrrgv/ hdfk ri lghqwlfdo
sursruwlrq 4
Q1 Ohw l 5i 4 >==>Qj ghqrwh dq lqglylgxdo ri w|sh l dqg ohw q 5 Q ￿i 4 >==>Qj ghqrwh d jrrg
ehorqjlqj wr vhw q1
Lqglylgxdov ghulyh gl￿huhqw xwlolw| iurp hdfk gl￿huhqw vxevhw +w|sh, ri jrrgv dydlodeoh1 Doo djhqwv kdyh wkh
vdph nlqg ri fduglqdo suhihuhqfhv exw wkhlu ruglqdo suhihuhqfhv ryhu w|shv ri jrrgv gl￿hu +vhh Ghqhfnhuh dqg
Urwkvfklog/ 4<<5, vr wkdw frqvxpswlrq ri dq lghqwlfdo txdqwlw| ri gl￿huhqw jrrgv surylghv lghqwlfdo xwlolw|
wr gl￿huhqw djhqwv/ rqo| li jrrgv duh lghqwlfdoo| udqnhg1 Iru h{dpsoh/ lqglylgxdov ri wzr gl￿huhqw w|shv
ghulyh wkh vdph xwlolw| iurp frqvxpswlrq ri dq lghqwlfdo txdqwlw| ri wkhlu prvw suhihuuhg jrrg/ exw wkhlu
suhihuhqfhv gl￿hu lq wkh udqn rughulqj ri hyhu| w|sh ri frpprglw|1 Iru wudfwdelolw| zh vshfli| suhihuhqfhv
vxfk wkdw wkh uhvxowlqj glvwulexwlrq ryhu wkh udqn rughulqj ri jrrg w|shv lv xqlirup/ dqg v|pphwulf1 Pruh
vshfl￿fdoo|/ suhihuhqfhv ri l duh gh￿qhg rq wkh Q vhwv ri jrrgv surgxfhg lq wkh hfrqrp|/ zlwk udqnlqj gh￿qhg
dv prqrwrqlfdoo| ghfuhdvlqj lq l.n +prgxor Q,> iru n @ i3>==>Q ￿4j= Wkdw lv/ suhihuhqfhv ryhu jrrg w|shv
duh rughuhg forfnzlvh vr wkdw lqglylgxdo l olnhv wkh prvw dq| jrrg lq wkh vhw q @ l/ dqg wkh ohdvw jrrgv lq
wkh vhw l ￿ 4 +prgxor Q,= Wkh whpsrudu| xwlolw| ri l iurp frqvxpswlrq ri t xqlwv ri jrrg q lv
xl+tq,@+ tdl>q,
￿ > +4,
zkhuh ￿ 5 +3>4,/ dl>q @ dl.4>q.4 ;l>q +prg1 Q,d q g4@d l>l Ad l>l.4 A ===dl>Q A ===dl>l￿4 @3; l+prg1 Q,1
Khuh dl>q fkdudfwhul}hv l3v pdujlqdo ydoxdwlrq iru jrrg q> dqg fdswxuhv wkh ghjuhh ri gl￿huhqwldwlrq ri jrrgv1
8Zh zloo uhihu wr ￿kljkhu ydoxdwlrq￿ ex|huv dv wkrvh lqglylgxdov kdylqj odujhu dl>q/ uhodwlyh wr ex|hu m 9@ l1D q
h{wuhph fdvh ri wklv lv wkh rughulqj ri Nl|rwdnl dqg Zuljkw +4<;<,/ zkhuh Q @6 /d l>q @4li q @ l> dqg }hur
rwkhuzlvh1 Qrwh wkdw wkh uhvxowlqj glvwulexwlrq ryhu wkh udqn rughulqj ri jrrgv lv xqlirup dqg v|pphwulf
dfurvv frxqwulhv/ w|shv ri lqglylgxdov/ dqg jrrgv1
Diwhu kdylqj frqvxphg/ dq| djhqw l fdq surgxfh t xqlwv ri d shulvkdeoh jrrg ri w|sh l ￿ 4 +prg1 Q,
vx￿hulqj glvxwlolw| f+t,@t 1 Lqlwldoo| d phdvxuh P 5 +3>4, ri wkh srsxodwlrq lv udqgrpo| dqg lghqwlfdoo|
hqgrzhg zlwk rqh xqlw ri lqglylvleoh ￿dw prqh|/ grphvwlf ru iruhljq1 Zh ghqrwh wkh lqlwldo vxsso| ri grphvwlf
+iruhljq, fxuuhqf| e| PG +PI,/ wkxv
PG . PI @ P= +5,
Iru wkh vdnh ri wudfwdelolw| zh lpsrvh d xqlw vwrudjh xsshu erxqg rq prqh| kroglqjv/ dvvxph wkdw surgxfwlrq
fdqqrw wdnh sodfh zkhq kroglqj prqh|/ dqg uxoh rxw iuhh glvsrvdo +dv lq Nl|rwdnl dqg Zuljkw/ 4<<6,1 Wkh
uhpdlqlqj 4 ￿ P iudfwlrq ri lqglylgxdov lv lqlwldoo| deoh wr surgxfh1 Vlqfh rzq surgxfwlrq grhv qrw surylgh
xwlolw| +dl>l￿4 @3 ,/ h{fkdqjh lv uhtxluhg iru frqvxpswlrq wr wdnh sodfh/ vr zh fdoo ex|huv wkh djhqwv zlwk
prqh|/ dqg vhoohuv wkh rwkhuv1 Ohw pg +p3
g, eh wkh sursruwlrq ri grphvwlf +iruhljq, wudghuv zlwk fxuuhqf| g=
Khqfh




uhsuhvhqw/ uhvshfwlyho|/ wkh sursruwlrq ri ex|huv lq wkh grphvwlf dqg iruhljq hfrqrp|1 Lq htxloleulxp/ doo
prqh| pxvw eh khog=
Sp g.+ 4￿S, p 3
g@P g>g 5i G>Ij> +8,
wkhuhiruh d sursruwlrq 4￿p ri grphvwlf lqglylgxdov duh vhoohuv +4￿p3 lq wkh iruhljq frxqwu|,1 Vlqfh prqh|
lv lghqwlfdoo| glvwulexwhg dfurvv w|shv p +p3, dovr ghqrwhv wkh sursruwlrq ri grphvwlf +iruhljq, ex|huv ri
w|sh l1
Wkh hfrqrp| vx￿huv iurp dq h{wuhph uhvwulfwlrq rq frdolwlrq irupdwlrq lq wkdw rqo| elodwhudo pdwfkhv duh
doorzhg/ khqfh hdfk pdwfk h{shulhqfhv devhqfh ri grxeoh frlqflghqfh ri zdqwv +ehfdxvh ri suhihuhqfhv dqg
whfkqrorjlhv,1 Zkloh wkh sduwqhu*v lqyhqwru| dqg wkh dfwlrqv wdnhq lq wkh pdwfk duh shuihfwo| revhuydeoh/
wudglqj klvwrulhv duh sulydwh lqirupdwlrq +d ihdwxuh wkdw uxohv rxw fuhglw,/ dqg vr duh wkh w|sh +l1h1 suhihuhqfhv,
dqg qdwlrqdolw|1 Wkhvh odvw ihdwxuhv zloo sod| d fuxfldo uroh lq wkh ghwhuplqdwlrq ri sulfhv/ zkloh wkh rwkhu
dvvxpswlrqv kdyh wkh pdlq lpsolfdwlrq wkdw wudgh qhhgv wr eh idflolwdwhg e| prqh|1
Lw lv dvvxphg wkdw vhoohuv duh orfdwhg dw ￿{hg srlqwv +vhh Exughww/ Wuhmrv dqg Zuljkw/ 4<<8 iru d prwlydwlrq
ri wklv ihdwxuh,/ zkloh ex|huv vhdufk iru vhoohuv dqg phhw wkhp udqgrpo| dqg elodwhudoo| dw hdfk gdwh dffruglqj
wr d Srlvvrq surfhvv zlwk duulydo udwhv zklfk gl￿hu dfurvv frxqwulhv= grphvwlf +iruhljq, ex|huv phhw grphvwlf
vhoohuv dw udwh ￿G +￿3
G,/ dqg iruhljq vhoohuv dw udwh ￿I +￿3
I,1 Vlqfh wkh iuhtxhqf| ri pdwfkhv ehwzhhq wudghuv
9lq frxqwu| G dqg I pxvw eh lghqwlfdo wr wkh iuhtxhqf| ri pdwfkhv ehwzhhq wudghuv lq frxqwu| I dqg G/
wkhq ￿I dqg ￿3
G pxvw vdwlvi|
S￿I @+ 4￿S, ￿ 3
G=
Iru wklv uhdvrq zh ohw
￿G @ Sn> ￿I @+ 4￿S, n 3>￿ 3
I@+ 4￿S, n> ￿3
G @ Sn3 +9,
zklfk vdwlvi| wkh uhvwulfwlrqv deryh/ zkhuh n3 A 3 ghqrwhv wkh ghjuhh ri hfrqrplf lqwhjudwlrq ehwzhhq
frxqwulhv/ zkloh nA3ghwhuplqhv wkh pdwfklqj udwh zlwklq d frxqwu|1:
71 V|pphwulf Vwdwlrqdu| Htxloleuld
Zh frqvlghu vwdwlrqdu| htxloleuld/ zkhuh lghqwlfdo lqglylgxdov dgrsw lghqwlfdo wlph0lqyduldqw vwudwhjlhv/
dqg zkhuh wkh glvwulexwlrq ri remhfwv lv vwdwlrqdu|1 Zh zloo ghqrwh wkh iruhljq frxqwu| e| d sulph/ vwudwhjlhv
e| vpdoo Juhhn ohwwhuv/ wkh vwudwhjlhv ri d vshfl￿f lqglylgxdo e| wkh fruuhvsrqglqj fdslwdo ohwwhu/ dqg htxlole0
ulxp vwudwhjlhv dqg ehvw uhvsrqvhv e| d vwdu1 Ilqdoo|/ zh frqvlghu udwlrqdo h{shfwdwlrqv htxloleuld zkhuh wkh
lqglylgxdo*v frqmhfwxuh ri glvwulexwlrqv lv fruuhfw lq htxloleulxp/ dqg zkhuh wkh h{shfwhg sd|r￿v duh edvhg
rq wkh fruuhfw hydoxdwlrq ri wkh suredelolw| dqg jdlqv iurp wudgh1
714 Vwudwhjlhv dqg Sulfhv
Dq lqglylgxdo l fdq eh hlwkhu d ex|hu ru d vhoohu ghshqglqj rq khu kroglqjv ri fxuuhqf|1 Frqwlqjhqw rq khu
vwdwh/ vkh fkrrvh khu dfwlrqv lq rughu wr pd{lpl}h wkh h{shfwhg olihwlph xwlolw| vkh ghulyhv iurp frqvxpswlrq
ri jrrgv1 Lq grlqj vr vkh wdnhv dv jlyhq wkh wudgh rssruwxqlwlhv dydlodeoh lq wkh hfrqrp|/ wkh vwudwhjlhv ri
rwkhuv/ dqg wkh glvwulexwlrq ri sulfhv1 Li dw gdwh w vkh lv d vhoohu/ khu vwudwhj| hqfrpsdvvhv wzr fkrlfhv= +l,
zklfk fxuuhqf| wr dffhsw dqg/ frqwlqjhqw rq wkdw/ +ll, wkh sulfh+v, vkh lqwhqgv wr srvw1 Li vkh lv d ex|hu/
khu rqo| uhohydqw fkrlfh lv zkhwkhu wr ex| +dw wkh vshfl￿hg sulfh, wkh frpprglw| r￿huhg e| d udqgrpo|
hqfrxqwhuhg vhoohu1
Vshfl￿fdoo|/ frqvlghu d grphvwlf vhoohu l1 Dw hdfk gdwh vkh fkrrvhv khu vwudwhj| wdnlqj dv jlyhq wkh
vwudwhjlhv ri doo rwkhuv/ wkh ydoxh ixqfwlrqv/ dqg wkh glvwulexwlrq prqh|1 Uhfdoo dovr wkdw vkh grhv qrw
revhuyh w|sh dqg qdwlrqdolw| ri kh ex|huv vkh phhwv1 Vlqfh vkh kdv wr fkrrvh zkhwkhu wr vhoo lq h{fkdqjh iru
fxuuhqf|/ dqg zkdw txdqwlw| wr r￿hu/ zh euhdn khu sureohp lq wzr vxe0frpsrqhqwv/ prylqj edfnzdug1 Ohw
Tg>l￿4 ￿ 3 ghqrwh khu r￿hu ri frpprglw| l ￿ 4> frqwlqjhqw rq wkh idfw wkdw vkh dffhswv fxuuhqf| g= Lq wklv
zd| zh fdq ghqrwh e| 4
Tg>l￿4 wkh sulfh vkh srvwv lq whupv ri wkh xqlw ri fxuuhqf| g= Dovr ohw T @ iTg>lj;g>l
:Wkhvh wzr sdudphwhuv hvvhqwldoo| frqwuro wkh hdvh ri ￿orfdo￿ yhuvxv ￿uhjlrqdo￿ h{fkdqjh1 Zh fdq fkrrvh ￿/ &/d q g& ￿vr
wkdw/ iru lqvwdqfh/ k( :k 8 exw k￿
8 ￿k ￿
( cl1h1 lq frxqwu| ( uhjlrqdo wudgh lv pruh gl!fxow wkdw orfdo/ zkloh wkh rssrvlwh lv
wuxh iru frxqwu| 81
:hqfrpsdvv wkh fkrlfhv ri txdqwlwlhv iru hdfk srvvleoh l>g frpelqdwlrq +T3 zkhq vhoohuv duh iruhljq,1 Wkh
r￿huv ri doo rwkhu vhoohuv/ wdnhq dv jlyhq/ duh uhsuhvhqwhg e| wkh yhfwruv t @ itg>lj;l>g> dqg t3 @ it3
g>lj;l>g=Iru
dq| jlyhq dq txdqwlw| r￿hu/ ohw ￿g eh wkh suredelolw| wkdw wkh grphvwlf vhoohu dffhswv fxuuhqf| g=; Ohw
￿@i ￿ G > ￿ Ij /d q g￿ 3@i ￿ 3
G > ￿ 3
Ijli wkh vhoohu lv iruhljq1 Wkh dffhswdqfh vwudwhjlhv ri doo rwkhuv/ duh
ghqrwhg e| ￿ @ i￿G>￿ Ijdqg ￿3 @ i￿3
G>￿ 3
Ij1
Frqvlghu d grphvwlf ex|hu l kroglqj fxuuhqf| g1 Jlyhq wkh txdqwlw| r￿huhg e| d udqgrpo| hqfrxqwhuhg
grphvwlf vhoohu k/ tg>k/ ex|hu l fkrrvhv zkhwkhu wr ex| ru zkhwkhu wr sdvv rq dqg zdlw iru d ehwwhu sulfh
r￿hu/ d vwudwhj| zh ghqrwh e| Eg>l+tg>k, 5 ^3>4‘= Lq pdnlqj khu ghflvlrq vkh wdnhv dv jlyhq wkh glvwulexwlrq ri
sulfhv lq doo rwkhu srvvleoh pdwfkhv/ wkh vwudwhjlhv ri hyhu|rqh hovh/ wkh ydoxh ixqfwlrqv/ dqg wkh glvwulexwlrq ri















3,= Ilqdoo|/ ohw q @ i￿>￿
3j> E @ iE>E3j> Z @ i￿>￿3j> ￿ @ i￿>￿3j> t @
it>t3j> dqg T @ iT>T3j=
715 Glvwulexwlrq ri prqh|
Frqvlghu wkh grphvwlf frxqwu|1 Wkh glvwulexwlrq ri prqh| kroglqjv ri fxuuhqf| g lq wkdw frxqwu|/ lv
vwdwlrqdu| zkhq wkh lq rz ri grphvwlf vhoohuv/ zkr kdyh uhfhlyhg rqh xqlw ri g +iurp iruhljq ru grphvwlf
ex|huv, lq h{fkdqjh iru wkhlu jrrg/ lv htxdo wr wkh rxw rz ri grphvwlf ex|huv zkr kdyh erxjkw vrph jrrg
+hlwkhu lq wkh grphvwlf hfrqrp| ru deurdg, zlwk wkhlu fxuuhqf| g1 Wklv lpsolhv wkdw lq d v|pphwulf vwudwhj|


























































































































;Qrwh wkdw zh gr qrw qhhg wr lqgh{ ￿_ e| wkh vhoohu*v w|sh/ ￿c vlqfh zh frqfhqwudwh rq v|pphwulf htxloleuld/ zhuh vhoohuv dgrsw
lghqwlfdo vwudwhjlhv/ lqglshqghqw ri wkhlu w|sh1 Zh fdq gr vr ehfdxvh ri wkh v|pphwu| lpsrvhg rq suhihuhqfhv/ glvwulexwlrq
ri w|shv ￿c dqg vhwv ri jrrgv1 Qrwh dovr wkdw wkh vwudwhj| lv qrq0glvfulplqdwru|/ vlqfh li vhoohu ￿ vhoov lq h{fkdqjh iru rqh xqlw
ri fxuuhqf| _ wr d grphvwlf ex|hu/ kh zloo dovr vhoo wr d iruhljq ex|hu iru wkh vdph dprxqw ri fxuuhqf|/ jlyhq wkdw ex|huv*
qdwlrqdolw| lv sulydwh lqirupdwlrq1
;Lq d vwdwlrqdu| htxloleulxp
b pg @b p 3
g@3 ; g= +<,
Wkh h{sodqdwlrq ri wkh odz ri prwlrq lv vlpsoh1 Frqvlghu +:,/ iru lqvwdqfh1 Wkh sursruwlrq ri grphvwlf
lqglylgxdov kroglqj fxuuhqf| g lqfuhdvhv zkhq d grphvwlf vhoohu ￿qgv lw zruwkzkloh wr h{fkdqjhv klv jrrg
iru wkh fxuuhqf| g khog e| hlwkhu d grphvwlf ru d iruhljq ex|hu/ lq zklfk fdvh wkh vhoohu vhwv ￿￿
g @4 1 Vlqfh
wkhuh lv d sursruwlrq 4




Q+4 ￿ p, lv wkh sursruwlrq ri grphvwlf vhoohuv1 Wkh|
fdq phhw grphvwlf ex|huv ri w|sh k zkr krog fxuuhqf| g/d wu d w h￿ G p g
4




g>l￿4,@4 =Vlqfh wkhuh duh Q w|shv ri ex|huv zkr pljkw zdqw wr sxufkdvh wkh jrrg vrog e| dq|









g>l￿4, uhsuhvhqwv wkh udwh dw zklfk vhoohu l phhwv ex|huv
zlwk fxuuhqf| g dqg zloolqj wr ex|1 Vlplodu frqvlghudwlrqv fdq eh pdgh iru pdwfkhv zlwk iruhljq ex|huv
kroglqj fxuuhqf| g= Khqfh wkh ￿uvw olqh ri +:, |lhogv wkh wrwdo lq rz ri grphvwlf vhoohuv lqwr grphvwlf ex|huv
zlwk fxuuhqf| g= Qrz frqvlghu wkh vhfrqg olqh1 Wkh sursruwlrq ri grphvwlf lqglylgxdov kroglqj fxuuhqf|
g ghfuhdvhv zkhq wkh| ex| vrph jrrg k iurp hlwkhu grphvwlf ru iruhljq vhoohuv1 Wkhuh lv d sursruwlrq pg
Q
ri grphvwlf lqglylgxdov ri w|sh l kroglqj prqh|1 Wkh| phhw d grphvwlf vhoohu k dw udwh ￿G+4 ￿ p, 4
Q= Kh
lv zloolqj wr vhoo iru fxuuhqf| g li ￿￿
g @4 / dqg ex|hu l ex|v li ￿
￿
g>l+t￿
g>k,@4 =Vlqfh wkhuh duh Q w|shv ri








g>k, lv wkh udwh dw zklfk d grphvwlf ex|hu zlwk fxuuhqf| g ex|v
iurp grphvwlf vhoohuv1 E| dgglqj doo wudqvdfwlrqv zlwk iruhljq vhoohuv/ |lhogv wkh vhfrqg olqh ri +:, zklfk wkxv
uhsuhvhqwv wkh wrwdo rxw rz ri grphvwlf ex|huv zlwk fxuuhqf| g> dw hdfk srlqw lq wlph1
Revhuyh wkdw wkh htxdwlrqv deryh vlpsoli| vrphzkdw lq d vwdwlrqdu| v|pphwulf htxloleulxp1 Frqvlghu
rqfh djdlq +:,1 Wkh udwhv dw zklfk grphvwlf vhoohuv wudgh zlwk grphvwlf ex|huv kroglqj fxuuhqf| g +sduw
ri wkh ￿uvw olqh,/ dqg wkh udwh dw zklfk grphvwlf ex|huv kroglqj fxuuhqf| g wudgh zlwk grphvwlf vhoohuv
+sduw ri wkh vhfrqg olqh, fdqfho rxw lq htxloleulxp/ vlqfh wkh| duh lghqwlfdo +grphvwlf ex|huv dqg vhoohuv
mxvw vzds srvlwlrqv rq zkr*v kroglqj fxuuhqf| g,= Dgglwlrqdoo|/ vrph pxowlsolfdwlyh whupv frpprq wr erwk
uhpdlqlqj whupv fdq eh idfwruhg rxw/ khqfh fdqfho rxw lq wkh vwhdg| vwdwh +￿I
4
Q,1 Wkh vdph rffxuv iru wkh































g>k, iru doo l= Wkxv lq d v|pphwulf htxloleulxp htxdwlrqv +:,
dqg +;, lpso|/ uhvshfwlyho|/



































Ilqdoo|/ ohw p @ ipg>p 3
gj g5iG>Ij ghqrwh wkh vwhdg| vwdwh htxloleulxp yhfwru ri wkh sursruwlrq ri prqh|
wudghuv lq wkh hfrqrp|1
<7161 Ydoxh Ixqfwlrqv
Lq htxloleulxp/ d grphvwlf vhoohu l fkrrvh klv vwudwhj| lq rughu wr pd{lpl}h klv h{shfwhg glvfrxqwhg
olihwlph xwlolw|1 Ohw Yv>l dqg Yg>l ghqrwh wkh vwdwlrqdu| h{shfwhg olihwlph xwlolw| ri/ uhvshfwlyho|/ d grphvwlf
vhoohu dqg ex|hu l zlwk fxuuhqf| g +d sulph ghqrwhv d iruhljq lqglylgxdo,1 Wdnlqj dv jlyhq wkh htxloleulxp
vwudwhjlhv ri doo rwkhuv/ Z￿/ q


























+Yg>l ￿ Tg>l￿4 ￿ Yv>l,
+45,



































g>l￿4 ￿ Y 3
v>l,
+46,
iru d iruhljq vhoohu l=



















































































g>k, ￿ Y 3
g>l
l
Iru lqvwdqfh/ frqvlghu +45,1 D grphvwlf vhoohu ri w|sh l pd{lpl}hv klv h{shfwhg glvfrxqwhg olihwlph xwlolw|
e| fkrrvlqj +l, zkhwkhu ru qrw wr dffhsw fxuuhqf| g/ dqg +ll, jlyhq wkdw kh dffhswv lw +￿g @4 ,wkh sulfh
dw zklfk kh lqwhqgv wr vhoo klv jrrg/ wkdw lv krz pxfk wr surgxfh lq h{fkdqjh iru rqh xqlw ri g +Tg>l￿4,1
Vlqfh wkh qdwlrqdolw| ri wkh ex|hu lv sulydwh lqirupdwlrq wkh vhoohu fdqqrw glvfulplqdwh dfurvv ex|huv/ hyhq
li ex|huv ri gl￿huhqw qdwlrqdolwlhv pd| eh zloolqj wr sd| gl￿huhqw sulfhv1 Lq srvwlqj klv sulfh wkh vhoohu
frqvlghuv wkh h{shfwhg sur￿w/ l1h1 kh zloo frqvlghu wkh h{shfwhg ghpdqg iurp erwk grphvwlf dqg iruhljq
ex|huv1 Kh pd| ghflgh wr fkdujh d kljk sulfh dqg fdswxuh rqo| sduw ri wkh zruog ghpdqg iru klv w|sh ri
jrrg/ ru fkdujh d orzhu sulfh/ dqg vhoo wr d odujhu vxevhw ri ex|huv1 Wkh ixqfwlrqdo htxdwlrqv vkrzv wkdw wkh
vhoohu phhwv d grphvwlf ex|hu k kroglqj fxuuhqf| g dw udwh ￿Gpg
4
Q= Wkh ex|hu k djuhhv wr ex| jrrg l￿4 dw
wkh srvwhg sulfh/ ￿
￿
g>k+Tg>l￿4,@4 >rqo| li kh zhdno| suhihuv lw wr zdonlqj dzd|= Lq wkdw fdvh wkh vhoohu qhwv
Yg>l ￿Tg>l￿4 ￿Yv>l/ vlqfh wkh vhoohu vx￿huv d surgxfwlrq frvwv Tg>l￿4/ dqg dftxluhv fxuuhqf| g wkxv fkdqjlqj
43vwdwh/ Yg>l ￿ Yv>l= D vlplodu jdlq lv pdgh zkhq wkh vhoohu phhwv d iruhljq ex|hu k zlwk fxuuhqf| g dqg zkr lv
zloolqj wr ex|1
Htxdwlrq +47, ghvfulehv wkh olihwlph xwlolw| ri d grphvwlf ex|hu ri w|sh l kroglqj fxuuhqf| g1 Vkh pd{lpl}hv
khu olihwlph xwlolw| e| ghflglqj zkhwkhu wr ex| wkh jrrgv r￿huhg/ dw wkh sulfhv srvwhg1 Vkh fdq ex| erwk
iurp grphvwlf dqg iurp iruhljq vhoohuv1 phhwv Vkh phhwv d grphvwlf vhoohu r￿hulqj t￿
g>k xqlwv ri jrrg k lq
h{fkdqjh iru fxuuhqf| g dw udwh ￿G+4 ￿ p, 4
Q￿￿
g1 Li frqvxpswlrq ri jrrg k |lhogv srvlwlyh xwlolw| wr ex|hu l>
dqg li wkh sulfh 4
t￿
g>k lv qrw wrr odujh/ ex|hu l zloo rewdlq d qrq0qhjdwlyh wudgh vxusoxv iurp wkh wudqvdfwlrq/
lq zklfk fdvh vkh zloo dffhsw e| vhwwlqj Eg>l+t￿
g>k,@4 =Khu  rz sd|r￿ lv jlyhq e| wkh vxp ri wkh xwlolw| iurp
frqvxpswlrq ri wkh r￿huhg txdqwlw| ri jrrg k> xl+t￿
g>k,> soxv wkh qhw frqwlqxdwlrq sd|r￿ Yv>l ￿ Yg>l vlqfh kh







ghqrwh wkh yhfwru ri
vwhdg| vwdwh ydoxh ixqfwlrqv1
717 Htxloleulxp Vwudwhjlhv dqg Sulfhv
Zh qrz glvfxvv wkh htxloleulxp vwudwhjlhv ri d uhsuhvhqwdwlyh lqglylgxdo +wkh fdvh ri d iruhljq wudghu lv
vlplodu,1 Qrwh wkdw lq fkrrvlqj khu rswlpdo vwudwhj| dv d ex|hu ru d vhoohu/ wkh uhsuhvhqwdwlyh lqglylgxdo
wdnhv dv jlyhq sulfhv lq doo rwkhu pdwfkhv/ t> vwudwhjlhv ri doo rwkhuv/ Z dqg E> glvwulexwlrq ri prqh|/ p> dqg
ydoxh ixqfwlrqv/ Y= Uhfdoo dovr wkdw zh frqvlghu udwlrqdo h{shfwdwlrqv htxloleuld zkhuh lqglylgxdo dfwlrqv duh
edvhg rq wkh fruuhfw hydoxdwlrq ri wkh jdlqv iurp wudgh lq hdfk srvvleoh pdwfk1
Ex|hu1 Lq d udqgrp pdwfk zlwk d vhoohu k/ d grphvwlf ex|hu l kroglqj fxuuhqf| g dffhswv wr ex|
frpprglw| k dw wkh srvwhg sulfh 4
tg>k rqo| li khu jdlqv iurp wudgh duh srvlwlyh/ dqg vkh uhmhfwv lw rwkhuzlvh
vr wkdw Eg>l+tg>k, 5i 3 > 4 j = < Vshfl￿fdoo|/ khu ehvw uhvsrqvh wr wkh sulfh r￿hu ri dq| udqgrpo| hqfrxqwhuhg






4 li Yv>l . xl+tg>k, ￿ Yg>l ￿ 3
3 rwkhuzlvh1
+49,
Hqfrxqwhuv zlwk iruhljq vhoohuv holflw lghqwlfdo uhvsrqvhv/ lq zklfk fdvh t3
g>k lv wkh dujxphqw ri +49,1 Lq d
v|pphwulf vwdwlrqdu| htxloleulxp
￿
￿ @ E￿= +4:,
Vhoohu1 Dw hdfk gdwh grphvwlf vhoohu l fkrrvhv zklfk fxuuhqflhv wr dffhsw dqg wkh txdqwlwlhv kh lv zloolqj
wr surgxfh lq h{fkdqjh1 Kh grhv vr wr pd{lpl}h klv h{shfwhg sur￿w iurp wudgh1 Zh ￿qg lw frqyhqlhqw wr
vxeglylgh wkh vhoohu*v sureohp lq wzr vxe0frpsrqhqwv/ prylqj edfnzdug1
<Frqvlghudwlrq ri rqo| sxuh vwudwhjlhv lv zlwkrxw orvv ri jhqhudolw| vlqfh vhoohuv fdq dozd|v lqgxfh ￿pdujlqdo￿ ex|huv wr ex|/
e| srvwlqj d sulfh zklfk ohdyhv ￿pdujlqdo￿ ex|huv dq 0:fvpdoo sd|r￿1 Wklv lv gxh wr shuihfw glylvlelolw| ri jrrgv/ dv lw zloo
eh fohdu lq wkh iroorzlqj vxevhfwlrq1
44+d, Frqwlqjhqw rq dffhswlqj fxuuhqf| g/ ￿g @4 / vhoohu l fkrrvhv wkh txdqwlw| r￿hu Tg>l￿41 Wkh h{lvwhqfh ri
sulydwh lqirupdwlrq ryhu ex|huv* qdwlrqdolw| dqg w|sh lpsolhv wkh vhoohu fdqqrw revhuyh ex|huv* udqnlqj
ri suhihuhqfhv ryhu wkh frpprglw| r￿huhg/ dqg wkhlu ryhudoo ydoxdwlrq ri wkh wudgh sursrvhg1 Wkhuhiruh
l fdqqrw h{wudfw wkh hqwluh vxusoxv iurp hdfk ex|hu hqfrxqwhuhg/ lq jhqhudo/ exw rqo| iurp ex|huv ri
rqh vshfl￿f w|sh dqg qdwlrqdolw|1 Lq sduwlfxodu/ vhoohu l zloo fkrrvh Tg>l￿4 lq rughu wr pd{lpl}h wkh


















+Yg>l ￿ Tg>l￿4 ￿ Yv>l,= +4;,
Htxdwlrq +4;, vkrzv wkdw vdohv wr erwk grphvwlf dqg iruhljq ex|huv +kroglqj fxuuhqf| g, frqwulexwh/
lq jhqhudo/ wr l3v h{shfwhg sur￿w ￿+Tg>l￿4,1 Vlqfh gl￿huhqw w|shv ri ex|huv olnh jrrg l ￿ 4 lq gl￿huhqw
ghjuhhv +l1h1 dk>l￿4, wkh vhoohu idfhv d wudgh0r￿ lq fkrrvlqj Tg>l￿41 D kljkhu sulfh +orzhu Tg>l￿4,
lqfuhdvhv klv qhw sd|r￿ lq hdfk vlqjoh wudqvdfwlrq/ vlqfh Yg>l ￿ Tg>l￿4 ￿ Yv>l zrxog jurz iru dq| jlyhq














/ dqg h{shfwhg sur￿w1 Lq sduwlfxodu/
+49, lpsolhv wkdw dq| Tg>l￿4 ohdylqj ex|hu k zlwk dq duelwudulo| vpdoo vxusoxv zloo eh dffhswhg1 Khqfh
zh gh￿qh wkh vhw ri doo srvvleoh r￿huv Tg>l￿4 wkdw zloo ohdyh h{dfwo| rqh w|sh ri ex|hu +grphvwlf ru
iruhljq, zlwk }hur wudgh vxusoxv/ dqg doo rwkhuv zlwk vwulfwo| srvlwlyh ru qhjdwlyh vxusoxvhv=
"g>l￿4 ￿
￿
Tg>l￿4 ￿ 3mYv>k . xk +Tg>l￿4, ￿ Yg>k @3ru Y 3
v>k . xk +Tg>l￿4, ￿ Y 3
g>k @3 >; k9 @l
￿
= +4<,
W k l vl vdglvfuhwh vhw frqwdlqlqj dw prvw +Q ￿ 4,5 hohphqwv +wkhuh duh Q ￿ 4 w | s h vr ie x | h u vl qh d f k
frxqwu|/ exw vlqfh r￿huv pxvw eh qrq0qhjdwlyh wkh vhw pd| eh vpdoohu,1
Lq wkh dsshqgl{ zh irupdol}h wkh idfw wkdw d qhfhvvdu| frqglwlrq iru Tg>l￿4 wr eh rswlpdo/ lv wkdw dw
ohdvw rqh w|sh ri ex|hu k jhwv }hur vxusoxv +lq wkh olplw,1 R￿huv wkdw ohdyh doo ex|huv zlwk d srvlwlyh
vxusoxv duh vxerswlpdo/ vlqfh wkh| gr qrw lqfuhdvh wkh suredelolw| ri d vdoh/ zkloh udlvlqj surgxfwlrq
frvwv lq doo srvvleoh wudghv1 Frqvhtxhqwo| zh uhihu wr "g>l￿4 dv wkh vhoohu*v fkrlfh vhw iru Tg>l￿4 +iruhljq
vhoohuv fkrrvh T3
g>l￿4 5 "3
g>l￿4,1 Lw iroorzv wkdw/ frqwlqjhqw rq ￿g @4 >wkh rswlpdo txdqwlw| r￿hu ri
grphvwlf vhoohu l> T￿








￿ ￿ ￿ ￿+Tg>l￿4, ￿ ￿+ ￿ Tg>l￿4,> ; ￿ Tg>l￿4 5 "g>l￿4@Tg>l￿4
r




g>l￿4, iru d iruhljq vhoohu,1 Zh vwuhvv wzr ihdwxuhv ri T￿
g>l￿41 Iluvw/ zkloh +53, grhv qrw lpso|
xqltxhqhvv ri T￿
g>l￿4 +vlqfh r￿huv duh gh￿qhg rq d glvfuhwh vhw,/ zh irfxv rq xqltxh r￿huv uhvroylqj
doo wlhv lq idyru ri wkh odujhvw fdqglgdwh143 Vhfrqg/ vlqfh +53, vshfl￿hv r￿huv frqglwlrqdo rq ￿g @4 /
43Li lE’_c￿3￿￿ lv frqyh{/ lq sulqflsoh wkhuh fdq eh wzr r￿huv @h}4￿?t￿_c￿3￿￿/d q g@h}4@ t￿_c￿3￿￿/ wkdw fdq vdwlvi| +53,1
45rqfh wkh r￿hu lv srvwhg wkh vhoohu kdv wr vhoo iru fxuuhqf| g= Lq fdvh qr r￿huv lq "g>l￿4 duh ihdvleoh +l1h1
jhqhudwh srvlwlyh sur￿wv,/ wkh rqo| ihdvleoh sur￿w0pd{lpl}lqj r￿hu lv T￿
g>l￿4 @3 =Wklv lv htxlydohqw wr
vhw ￿￿
g @3 = 44 Ilqdoo|/ v|pphwu| uhtxluhv wkdw grphvwlf vhoohuv ri wkh vdph w|sh fkdujh lghqwlfdo sulfhv/
T￿ @ t￿= +54,
+e, Zh qrz glvfxvv grphvwlf vhoohu*v l ghflvlrq ri zklfk fxuuhqf| wr dffhsw/ ￿g 5i 3 > 4 j 1 45 Zkloh wkh
txdqwlw| r￿hu ghshqgv lq sduw rq wkh duulydo udwhv ri pdwfkhv zlwk gl￿huhqw w|sh ri ex|huv/ ￿g grhv
qrw146 Uhfdoo wkdw vhoohu l fruuhfwo| hydoxdwh klv vxusoxv iurp d vdoh/ Yg>l ￿ Tg>l￿4 ￿ Yv>l/ exw rqfh
pdwfkhg wr d ex|hu zlwk g klv xqfhuwdlqw| derxw wkh ex|hu*v w|sh dqg qdwlrqdolw| lv vwloo xquhvroyhg1
Wkxv/ l zrxog vhoo rqo| li klv h{shfwhg wudgh vxusoxv lv vwulfwo| srvlwlyh iru vrph txdqwlw| r￿hu dprqj
wkh rqhv zklfk vrph ex|huv zrxog ￿qg dffhswdeoh147 Frqglwlrqdo kdylqj hqfrxqwhuhg d ex|hu zlwk
fxuuhqf| g/ wkh frqglwlrqdo suredelolw| wkdw wkh ex|hu lv grphvwlf +iruhljq, lv Spg@Pg ++4￿S,p3
g@Pg,/

















+Yg>l ￿ Tg>l￿4 ￿ Yv>l,=
Li lE’_c￿3￿￿ lv frqfdyh wkhuh pd| eh wzr dgmdfhqw r￿huv lq ￿_c￿3￿/ wkdw fdq vdwlvi| +53,1 Jlyhq wkh glvfuhwhqhvv ri wkh fkrlfh
vhw/ wklv hyhqw kdv d vpdoo suredelolw| ri rffxuuhqfh +zh qhyhu hqfrxqwhuhg lq qxphulfdo vlpxodwlrqv, dv orqj dv hyhu| rwkhu
vhoohu dgrswv sxuh vwudwhjlhv1 Wklv/ krzhyhu/ fdq eh dphqghg e| frqvlghulqj htxloleuld zkhuh gl￿huhqw iudfwlrqv ri vhoohuv srvw




_c￿3￿ : f duh lqfrqvlvwhqw= hlwkhu wkh sur￿w wr wkh vhoohu lv qrq0srvlwlyh/ khqfh ’W
_c￿3￿ ’f/
ru li lw lv srvlwlyh/ wkhq ￿W
_ ’￿ 1
45Wkh pl{hg vwudwhj| ￿_ M Efc￿￿ lv qrw d v|pphwulf htxloleulxp li ’_c￿3￿ ohdyhv srvlwlyh vxusoxv wr vrph ex|hu w|sh1 Wkh
vhoohu frxog r￿hu d elw ohvv/ vd| ￿ ’_c￿3￿/ zrxog vwloo eh deoh wr vhoo wr vrph ex|huv/ dqg gr ehwwhu e| rewdlqlqj d srvlwlyh vxusoxv=
T_c￿ 3 ￿ ’_c￿3￿ 3 Trc￿ :T _c￿ 3 ’_c￿3￿ 3 Trc￿ ’f ￿
Li ’_c￿3￿ ohdyvh }hur vxusoxv wr erwk ex|huv dqg vhoohuv d pl{hg vwudwhj| ￿_ frxog eh vxssruwhg rqo| li fxuuhqf| _ zhuh wr
eh dffhswhg zlwk suredelolw| rqh lq wkh rwkhu frxqwu|1 Dq xqlqwhuhvwlqj fdvh vlqfh _ fxuuhqf| wudghv lq wklv fdvh zrxog qrw
frqwulexwh dw doo wr wkh olihwlph ydoxh ri kroglqj lw/ lq wkh frxqwu| zkhuh wkh pl{hg vwudwhj| lv dq htxloleulxp1
46Li/ iru lqvwdqfh/ vhoohu ￿ h{shfwhg wr phhw qr ex|huv zlwk _c kh zrxog qrw wr srvw d sulfh ￿*’_c￿3￿￿ Krzhyhu/ vwudwhjlhv pxvw
eh vxejdph shuihfw1 Wkxv vkrxog kh phhw d ex|hu zlwk _/ wkh vhoohu vkrxog ghflgh zkhwkhu wr dffhsw wkh fxuuhqf|/ iru vrph
’_c￿3￿1
47Li wkh vhoohu frxog uhfrjql}h w|sh dqg qdwlrqdolw| ri ex|huv wkhq kh zrxog rqo| frqvlghu wkh vxusoxv lq fkrrvlqj ￿_1 Wklv
zrxog pdnh d gl￿huhqfh lq wkh rxw0ri0htxloleulxp rffxuuhqfh zkhuh wkh vhoohu phhwv vrphrqh zkr +dffruglqj wr wkh frqmhfwxuhg
glvwulexwlrq ri prqh|, zdv qrw h{shfwhg wr eh kroglqj wkdw sduwlfxodu fxuuhqf|1 Iru lqvwdqfh/ vxssrvh wkdw fxuuhqf| 8 lv qrw
dffhswhg +khqfh flufxodwlqj, lq wkh grphvwlf hfrqrp|/ dqg wkdw wkh vhoohu phhwv d grphvwlf ex|hu zlwk 8 +rxw ri htxloleulxp,1
Vxssrvh dovr wkdw wkhuh lv dq r￿hu zklfk lv pxwxdoo| dgydqwdjhrxv1 Vlqfh wkh vhoohu dwwdfkhv }hur suredelolw| wr wkh hyhqw ri
kdylqj phw d grphvwlf ex|hu zlwk 8/ wkhq wkh ehvw kh fdq gr lv wr uhmhfw 8￿






4 li V+Tg>l￿4, A 3 iru vrph Tg>l￿4 ￿ plq"g>l￿4
3 rwkhuzlvh1
+55,
Wkdw lv wr vd|/ lq wkh vxejdph zkhuh d pdwfk zlwk d ex|hu kroglqj fxuuhqf| g kdv wdnhq sodfh/ d
grphvwlf vhoohu zloo srvw d sulfh lq whupv ri fxuuhqf| g rqo| li kh eholhyhv wkhuh lv d srvlwlyh suredelolw|
wkdw wkh ex|hu phw pd| zdqw wr dffhsw klv r￿hu1 Li wkh vhoohu eholhyhv wkdw wkhuh lv qr sulfh dw
zklfk wudgh frxog eh pxwxdoo| dgydqwdjhrxv/ wkhq kh zrq*w srvw dq|1 Wklv rffxuv zkhq wkhuh lv
qr ihdvleoh sulfh fdsdeoh ri jhqhudwlqj d srvlwlyh sd|r￿ iurp wkh vdoh +Yg>l ￿ Tg>l￿4 ￿ Yv>l ￿ 3 iru doo
Tg>l￿4 ￿ plq"g>l￿4,1 Lw dovr rffxuv zkhq wkh vhoohu dvvljqv }hur0suredelolw| wr wkh hyhqw wkdw wkh ex|hu
phw lv zloolqj wr dffhsw dq| ri wkh sulfhv wkh vwruh fkrrvhv iurp/ jlyhq wkh glvwulexwlrq ri fxuuhqflhv
dfurvv frxqwulhv148 Lq hlwkhu fdvh V+Tg>l￿4, ￿ 3 dqg qrw dffhswlqj g lv wkh ehvw rswlrq/ vr wkdw zh
zulwh T￿
g>l￿4 @3zkhq ￿￿
g @3 >zlwk qr orvv lq jhqhudolw|149 Lq d v|pphwulf htxloleulxp
￿￿ @ ￿￿= +56,
718 Htxloleulxp
Zh fdq qrz glvfxvv wkh htxloleulxp1 Vlqfh zh irfxv rq Qdvk ehvw uhvsrqvhv/ dqg htxloleulxp rxwfrph lq
wklv hqylurqphqw pxvw eh vxfk wkdw surgxfwlrq dqg wudglqj ghflvlrqv duh lqglylgxdoo| rswlpdo jlyhq fruuhfwo|
shufhlyhg vwudwhjlhv dqg glvwulexwlrq ri prqh|1 Dgglwlrqdoo|/ vlqfh zh irfxv rqo| rq vwdwlrqdu| rxwfrphv
zkhuh vwudwhjlhv duh v|pphwulf/ htxloleulxp surgxfwlrq dqg wudglqj ghflvlrqv pxvw eh wlph0lqyduldqw dqg
lghqwlfdo iru lqglylgxdov ri lghqwlfdo w|sh1 Ilqdoo|/ ehfdxvh ri wkh dvvxpswlrq ri udwlrqdo h{shfwdwlrqv/ wkh
htxloleulxp sulflqj uxoh dgrswhg pxvw eh edvhg rq wkh fruuhfw hydoxdwlrq ri jdlqv iurp wudgh1
Wkdw lv/ d v|pphwulf vwdwlrqdu| prqhwdu| htxloleulxp lv d olvw ri vwudwhj| yhfwruv iq
￿>Z￿j> surgxfwlrq
ghflvlrqv yhfwruv/ t￿/ d yhfwru ri sursruwlrqv ri prqh| wudghuv/ p> dqg d yhfwru ri ydoxh ixqfwlrqv Y vxfk
wkdw=
l, lqglylgxdov pd{lpl}h wkhlu h{shfwhg olihwlph xwlolwlhv xvlqj v|pphwulf Qdvk vwudwhjlhv/ l1h1 jlyhq iq
￿>Z￿j
dqg p/ Y pxvw vdwlvi| +45,0+48,/ iE>￿j pxvw vdwlvi| wkh ehvw uhvsrqvh ixqfwlrqv +49,0+4:, dqg +55,0
+56,/ dqg T pxvw vdwlvi| wkh frqglwlrq iru pd{lpl}dwlrq ri h{shfwhg sur￿wv +53,0+54,/
48Wklv lv d frqvhtxhqfh ri wkh xqrevhuydelolw| ri ex|huv* qdwlrqdolw|1 Iru lqvwdqfh/ vxssrvh d XV vwruh zrxog vhoo wr d XV
fxvwrphu r￿hulqj |hq1 Li wkh| dvvljq }hur suredelolw| wr wkh hyhqw wkdw wkh fxvwrphu phw lv d XV flwl}hq/ krzhyhu/ wkh vwruh
zrxog fkrrvh |hq0ghqrplqdwhg sulfhv rqo| xqghu wkh frqmhfwxuh ri kdylqj hqfrxqwhuhg d Mdsdqhvh flwl}hq1 Li wkhuh duh qr ihdvleoh
sulfhv dw zklfk d |hq0ghqrplqdwhg wudgh zlwk d Mdsdqhvh fdq rffxu/ wkhq wkh XV vwruh zrxog qrw srvw dq| |hq0ghqrplqdwhg
sulfhv dw doo1
49Pl{hg vwudwhjlhv Z_ fdq eh irupdoo| uxohg rxw e| dvvxplqj wkh h{lvwhqfh ri d phqx0frvw 0:f+wkh frvw ri srvwlqj sulfhv,/
dqg wkhq orrnlqj dw wkh olplwlqj fdvh zkhq 0 < f1
47ll, wkh glvwulexwlrq ri prqh| lv vwdwlrqdu|/ l1h1 jlyhq Y dqg iq
￿>Z￿j> p vdwlv￿hv wkh vwdwlrqdulw| frqglwlrqv
+:, wkurxjk +<,1
Vrph ihdwxuhv ri wkh htxloleulxp duh zruwk qrwlflqj dw wklv srlqw1 Iluvw/ doo vhoohuv ehorqjlqj wr wkh vdph
frxqwu| lq htxloleulxp fkrrvh dq lghqwlfdo sulfh lq whupv ri rqh vshfl￿f fxuuhqf|/ lqghshqghqw ri wkhlu w|sh
l= Wklv lv ehfdxvh wkh ghpdqg iru frpprglw| l￿4 ghshqgv rq suhihuhqfhv ri ex|huv/ exw w|shv duh xqlirupo|
glvwulexwhg ryhu Q/ dqg wkh rughulqj ri suhihuhqfhv dqg surgxfwlrq lv v|pphwulf/ vr wkdw doo vhoohuv orfdwhg
lq dq| jlyhq frxqwu|/ idfh h{dfwo| wkh vdph h{shfwhg ghpdqg vfkhgxoh/ luuhvshfwlyh ri wkhlu surgxfwlrq14:
Frqvhtxhqwo|/ lq d jlyhq frxqwu| wkh htxloleulxp sulfh ri jrrgv l 9@ m pxvw eh lghqwlfdo/ vr wkdw zlwk qr orvv






;l 5 Q>dqg g 5i G>Ij= Zlwklq d frxqwu|/ +57, lpsolhv wkdw wkh htxloleulxp ydoxh ixqfwlrqv pxvw eh lghqwlfdo
dfurvv w|shv l/ l1h1
Yv>l @ Yv>Y g>l @ Yg>Y 3
v>l @ Y 3
v>Y 3
g>l @ Y 3
g> +58,
;l 5 Q>dqg g 5i G>Ij= Qrwlfh/ krzhyhu/ wkdw Y 3
v +Y 3
g, dqg Yv +Yg, qhhg qrw eh htxdo/ dqg wkdw duulydo udwhv
iru ex|huv qhhg qrw eh lghqwlfdo dfurvv frxqwulhv1 Iru wklv uhdvrq/ wkh htxloleulxp sulfh ri jrrg l ￿ 4/d q g
ex|hu*v vwudwhjlhv duh qrw qhfhvvdulo| htxdo dfurvv frxqwulhv1
81 D Vlpsoh Fodvv ri V|pphwulf Htxloleuld
Zh qrz glvfxvv wkh h{lvwhqfh ri d vlpsoh fodvv ri v|pphwulf htxloleuld/ vlpsoh lq wkdw hdfk vwruh rswlpdoo|
fkrrvhv wr srvw sulfhv zklfk zloo uhvxow lq d sxufkdvh e| dq| ex|hu zkr kdv d srvlwlyh pdujlqdo ydoxdwlrq
iru wkh frpprglw| r￿huhg dqg kdv wkh fxuuhqf| lq zklfk wkh sulfh lv srvwhg1 Zh frq￿qh rxu lqyhvwljdwlrq
wr wkh wkuhh prvw lqwhuhvwlqj w|shv ri v|pphwulf Qdvk htxloleuld= +l, wkh fdvh lq zklfk wkh wzr fxuuhqflhv
flufxodwh rqo| orfdoo|/ +ll, rxwfrphv zkhuh fxuuhqf| vxevwlwxwlrq rffxuv rqo| lq rqh frxqwu| vr wkdw rqh
fxuuhqf| flufxodwhv lqwhuqdwlrqdoo| dqg rqh orfdoo|/ dqg +lll, htxloleuld zkhuh fxuuhqf| vxevwlwxwlrq rffxuv lq
erwk frxqwulhv lq zklfk fdvh erwk fxuuhqflhv flufxodwh lqwhuqdwlrqdoo|14; Wr olplw wkh glphqvlrqdolw| ri wkh
vwdwh vsdfh dqg wkh frpsoh{lw| ri wkh wuhdwphqw zh vhw Q @6 =Zh gh￿qh ￿ @ uQ> dqg ohw dl>l.4 @ d 5 +3>4,>
vr wkdw zh ghqrwh e| ￿ t @ d
￿
4￿￿ ? 4 wkdw t zklfk vdwlv￿hv +dt,￿ ￿ t @3 1 Lq zkdw iroorzv zh irfxv wkh
glvfxvvlrq rq grphvwlf djhqwv/ zkhuh qr frqixvlrq dulvhv1
4:Iru d jlyhq sulfh/ wkh h{shfwhg ghpdqg iru jrrg ￿3￿ lv d ixqfwlrq ri wkh orfdwlrq ri wkh vhoohu +grphvwlf ri iruhljq,/ ehfdxvh
ri srvvleoh gl￿huhqfhv lq wkh duulydo udwhv ri ex|huv1
4;Reylrxvo|/ wkhuh dozd|v h{lvwv d qrq0prqhwdu| htxloleulxp zkhuh qrqh ri wkh fxuuhqflhv duh dffhswhg1 Wkhuh dovr h{lvw
htxloleuld zkhuh rqh fxuuhqf| lv qhyhu dffhswhg/ zkloh wkh rwkhu flufxodwhv orfdoo| ru lqwhuqdwlrqdoo|1
48814 Orfdo Fxuuhqflhv
Zh vwduw zlwk wkh glvfxvvlrq ri wkh fdvh zkhuh wkh fxuuhqflhv flufxodwh rqo| orfdoo|/ wkdw lv wr vd| wkdw
fxuuhqf| g lv dffhswhg lq h{fkdqjh iru jrrgv rqo| lq frxqwu| g1 Zh frqmhfwxuh dq htxloleulxp lq zklfk
grphvwlf +iruhljq, vwruhv gr qrw dffhsw fxuuhqf| I +G,/ exw rqo| wkhlu qdwlrqdo fxuuhqf|/ wkdw lv
￿￿
I @ ￿3￿
G @3 >￿ ￿
G@ ￿ 3￿
I @4 = +59,
Xvlqj +59, dqg +6,0+7, iru PG ?S?4￿P I/ wkh htxloleulxp glvwulexwlrq ri prqh| kroglqjv lv=
pI @ p3
G @3 >p @ p G@
P G
S





Vlqfh grphvwlf vhoohu l grhv qrw srvw sulfhv lq whupv ri fxuuhqf| I +zh zloo yhuli| lw vkruwo|,/ T￿
G>l￿4
lv wkh rqo| uhohydqw fkrlfh1 Uhfdoolqj wkdw p3
G @3 /d q gQ@6 / wkh fkrlfh vhw "G>l￿4 frqwdlqv rqo| wzr
txdqwlwlhv/ l1h1
"G>l￿4 ￿i T G>l￿4m Yv>l￿4 . xl￿4+TG>l￿4,￿YG>l￿4 @3 >Y v>l.4 . xl.4+TG>l￿4,￿YG>l.4 @3 j =
Wklv lpsolhv wkh srvvlelolw| ri srvwlqj wzr sulfhv1 D kljk sulfh zklfk ohdyhv }hur vxusoxv wr grphvwlf ex|huv
l ￿ 4> wkh rqhv zkr kdyh wkh kljkhvw ydoxdwlrq iru jrrg l ￿ 4 +dl￿4>l￿4 @4 ,1 Dw wklv sulfh qr rwkhu w|sh
zrxog ex|1 Ehfdxvh ri +4,/ w|sh l zrxog qrw zlvk wr frqvxph dq| txdqwlw| ri jrrg l ￿ 4 +vkh ghulyhv qr
xwlolw| iurp lw/ vlqfh dl>l￿4 @3 ,/ zkloh w|sh l.4zrxog vxvwdlq rqo| d qhw orvv vlqfh vkh kdv d orzhu ydoxdwlrq
wkdq ex|hu l ￿ 4 +dl.4>l￿4 @ d?4 ,1 D orz sulfh dw zklfk grphvwlf ex|huv l ￿ 4 dqg l .4duh erwk zloolqj
wr sxufkdvh wkh jrrg1 Vlqfh l .4olnhv wkh jrrg wkh ohdvw/ wklv orzhu sulfh wdnhv dzd| khu hqwluh vxusoxv1
Zh fdq uxoh rxw wkh kljk sulfh/ rwkhuzlvh wkh wudgh vxusoxv jhqhudwhg lq hdfk wudqvdfwlrq zrxog hqwluho|
jr wr vhoohuv1 Wklv zrxog lpso| YG>l @3iru dq| ex|hu l> ehfdxvh xqghu wkh frqmhfwxuhg vwudwhj| ex|huv
zrxog qrw eh deoh wr ex| dq|zkhuh hovh1 Wklv frqwudglfwv wkh frqmhfwxuhg htxloleulxp ydoxdwlrq ri prqh|/
3 ?Y v?Y G1 Wkhuhiruh/ wkh orz sulfh lv wkh xqltxh sur￿w pd{lpl}lqj fkrlfh iru dq| vhoohu l/ dqg xvlqj +4,/
+54,/ +57,/ dqg +58,/ lw pxvw vdwlvi|
Yv .+ dt￿
G,
￿ ￿ YG @3 = +5;,




G>k,@4 >k 5i l>l .4 j > +5<,
+dqg }hur rwkhuzlvh, lv wkh htxloleulxp vwudwhj| iru dq| l=
Xvlqj +59,/ +5:,/ +5;,/ dqg +5<, wkh ydoxh ixqfwlrq ri dq| grphvwlf vhoohu l lq htxloleulxp pxvw vdwlvi|
￿Yv @5 ￿ Gp G+ Y G￿t ￿
G￿Y v, +63,
49zkhuh zh qrwh wkdw lq htxloleulxp d grphvwlf vhoohu h{shfwv qr pdwfkhv zlwk grphvwlf ex|huv kroglqj iruhljq
fxuuhqf| +pI @3 , / ru iruhljq ex|huv zlwk grphvwlf fxuuhqf| +p3
G @3 , 1 Vlploduo|/ +47, lpsolhv
￿YG @ ￿G+4 ￿ pG,^Y v.+ t ￿
G, ￿￿Y G‘= +64,
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pvdwlv￿hv +5:,/ dqg wkh iroorzlqj vx!flhqw frqglwlrqv krog=
ip>p3 5 +p> ￿ p,>￿ ￿ ￿ ￿> ￿I ￿ ￿ ￿I>￿ 3





4.d ￿> ￿ p￿
+5 ￿ d,+4 ￿ d￿,
5 ￿ d+4 . d￿,
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Zh surylgh lqwxlwlrq e| frqvlghulqj wkh dfwlrqv wdnhq e| d uhsuhvhqwdwlyh grphvwlf lqglylgxdo1 Uhfdoo wkdw
lq wklv htxloleulxp doo vhoohuv l pxvw srvw wkh orz sulfh 4@t￿
G vr wkdw doo ex|huv zkr kdyh d srvlwlyh ydoxdwlrq
iru frpprglw| l￿4 ex| +w|shv l￿4 dqg l,1 Wkh sureohp lv wkdw vxevwdqwldo gl￿huhqwldwlrq +vpdoo d, uhtxluhv
vhoohuv wr lqfxu odujh surgxfwlrq frvwv/ vlqfh d vxevwdqwldo txdqwlw| pxvw eh gholyhuhg lq hdfk vdoh wr erwk
orz dqg kljk ydoxdwlrq ex|huv1 Vlqfh prqh| fdq eh vshqw rqo| wkh shulrg iroorzlqj d vdoh/ vhoohuv fdqqrw eh
wrr lpsdwlhqw dqg d orz glvfrxqwlqj idfwru lv qhfhvvdu| iru wkh orz sulfh wr eh dq htxloleulxp +￿ ￿ ￿ ￿ ,1 Wkh
iuhtxhqf| ri wudqvdfwlrqv +jryhuqhg e| dprxqw ri prqh| dqg duulydo udwhv, kdv dovr lpsolfdwlrqv iru wkh sulfh
fkrvhq1 Lq sduwlfxodu/ wkh vpdoohu wkh sulfh srvwhg wkh odujhu pxvw eh wkh iuhtxhqf| ri wudgh iru wkh vwruh wr
nhhs srvwlqj wkh orz sulfh1 Vlqfh wudgh pdwfkhv duh sursruwlrqdo wr wkh phdvxuh ri ex|huv/ hqrxjk oltxlglw|
lv qhfhvvdu|/ pAp+qrwh wkdw p $ 4 dv d $ 3,1 Li oltxlglw| zhuh wrr olplwhg/ ru vhoohuv wrr lpsdwlhqw/
wkh uhsuhvhqwdwlyh vwruh zrxog kdyh dq lqfhqwlyh wr ghyldwh iurp wkh sursrvhg ￿orz sulfh￿1 H{shfwhg sur￿wv
4:frxog eh lqfuhdvhg li doo vxusoxv zhuh wr eh h{wudfwhg iurp wkh kljk0ydoxdwlrq ex|huv/ e| srvwlqj suhplxp
sulfhv1 Wklv zrxog ghfuhdvh wkh iuhtxhqf| ri vdohv exw zrxog dovr jhqhudwh h{wud uhwxuq +4 ￿ d,t￿
G shu vdoh1
Li doo vwruhv zhuh wr srvw vxfk kljk sulfhv qr ex|hu zrxog hqmr| d srvlwlyh wudgh vxusoxv dqg prqh| zrxog
eh ydoxhohvv1 D vlplodu dujxphqw h{sodlqv zk| p?￿ plv qhfhvvdu|= dq h{fhvvlyh phdvxuh ri ex|huv zrxog
dovr lqgxfh vwruhv wr h{sorlw wkh wudgh r￿ ehwzhhq kljkhu sulfhv dqg orzhu iuhtxhqf| ri vdohv14<
Ilqdoo| vwruhv zrq*w srvw sulfhv lq whupv ri wkh iruhljq fxuuhqf| zkhqhyhu wkdw prqh| lv shufhlyhg wr
eh d edg phglxp ri h{fkdqjh1 Vlqfh vwruhv nqrz wkdw wkh iruhljq fxuuhqf| lv qrw dffhswhg lq grphvwlf
wudqvdfwlrqv/ wkh uhwxuq iurp ghyldwlqj dqg dffhswlqj lw lv d ixqfwlrq rqo| ri wkh hdvh ri lqwhuqdwlrqdo wudgh1
Li wkh odwwhu lv vx!flhqwo| vpdoo/ ￿I ? ￿ ￿I/ vhoolqj iru wkh iruhljq fxuuhqf| zrxog eh d grplqdwhg dfwlrq/
hyhq zkhq dvnlqj iru suhplxp sulfhv1
Fruroodu| 41 Vxssrvh dq htxloleulxp zlwk wzr orfdo fxuuhqflhv h{lvwv1 D pdujlqdo lqfuhdvh lq wkh lqlwldo
ohyho ri wkh grphvwlf +iruhljq, prqh| vxsso| zloo orzhu grphvwlf +iruhljq, sulfhv1 Sulfhv zloo eh h!flhqw li
p @ ph dqg p3 @ p3h> zkhuh
ph ￿
+￿G . ￿,^￿ G￿d ￿+￿ G.￿,‘
￿G ^+￿G . ￿,+4 . d￿ ￿ 5￿,.￿‘
/ p 3 h￿
+ ￿ 3
I .￿ ,^￿ 3




I . ￿,+4 . d￿ ￿ 5￿,.￿‘
=
Surri= Lq dsshqgl{1
Wkh idfw wkdw sulfhv duh ghfuhdvlqj lq wkh lqlwldo vwrfn ri wkh prqh| vxsso|/ lq htxloleulxp/ lv qrw vwudqjh
dv lw pd| dsshdu dw ￿uvw eoxvk1 Frqvlghu iru d prphqw wkh fdvh n3 @3zkhuh rqo| orfdo h{fkdqjh lv
srvvleoh1 Zh kdyh vhhq wkdw wkh uhsuhvhqwdwlyh vwruh zrxog wdnh dgydqwdjh ri d yhu| ￿oltxlg￿ hfrqrp| e|
sulfh glvfulplqdwlqj dqg dwwhpswlqj wr vhoo rqo| wr kljk ydoxdwlrq ex|huv1 Iru wklv uhdvrq d v|pphwulf
prqhwdu| htxloleulxp fdq h{lvw rqo| zkhq vwruhv gr qrw phhw ex|huv wrr iuhtxhqwo|/ wkdw lv wr vd| zkhq
wkhuh lvq*w h{fhvvlyh oltxlglw| lq flufxodwlrq1 Ehfdxvh ri wklv olplwhg iuhtxhqf| ri vdohv/ hdfk vwruh pd{lpl}hv
sur￿wv e| srvwlqj orz sulfhv wkxv vhoolqj wr dv pdq| ex|huv dv srvvleoh1 D pdujlqdo lqfuhdvh lq wkh lqlwldo
vwrfn ri prqh| lqfuhdvhv wkh phdvxuh ri ex|huv +uhodwlyh wr vhoohuv, dqg vr lqfuhdvhv wkh uhwxuq iurp ehlqj
d vhoohu1 Lw dovr lqfuhdvhv wkh uhwxuq iurp kroglqj prqh| ehfdxvh lw errvwv wkh iuhtxhqf| ri wudgh pdwfkhv1
Lw iroorzv wkdw vwruhv pxvw r￿hu ehwwhu sulfhv wr orz0ydoxdwlrq fxvwrphuv wr lqgxfh d sxufkdvh1 Dv p nhhsv
lqfuhdvlqj/ krzhyhu/ vwruhv fdq wdnh dgydqwdjh ri wkh wudgh0r￿ ehwzhhq sulfhv dqg iuhtxhqf| ri vdoh/ dqg
vwduw fkdujlqj suhplxp sulfhv1 Wkh sureohp lv wkdw e| fkdujlqj kljkhu sulfhv grphvwlf prqh| zrxog orvh
lwv ydoxh +wdnlqj vwudwhjlhv dqg sulfhv lq doo rwkhu pdwfkhv dv jlyhq,/ vlqfh doo grphvwlf ex|huv zkr pdnh
d sxufkdvh zrxog eh ohiw zlwk qr vxusoxv1 Ehfdxvh ri wkh glvfuhwhqhvv ri wkh vxssruw ri wkh glvwulexwlrq ri
4<Lq wkh surwrw|slfdo vhdufk prghov ri prqh| dqg sulfhv +Vkl/ 4<<8/ dqg Wuhmrv dqg Zuljkw/ 4<<8, @ ’flq zklfk fdvh
6c 7 6 < ￿1 Wkxv prqh| zrxog qrw eh ydoxhg li vhoohuv zhuh srvwlqj sulfhv/ zklfk h{sodlqv wkh frpprq dvvxpswlrq ri ex|huv
pdnlqj wdnh0lw0ru0ohdyh0lw r￿huv/ ru Qdvk edujdlqlqj zlwk htxdo zhljkwv1
4;w|shv/ dqg wkh h{lvwhqfh ri rqo| kljk dqg orz ydoxdwlrq djhqwv/ wklv zrxog ohdg wr d ￿mxps￿ lq sulfhv zklfk
zrxog ghvwur| wkh v|pphwulf prqhwdu| htxloleulxp153
Dgglwlrqdoo|/ wkh sulfhv srvwhg e| vwruhv pd| eh h!flhqw/ lq wkdw wkh txdqwlwlhv h{fkdqjhg vroyhv wkh
sureohp ri d sodqqhu zkr lqwhqgv wr pd{lpl}hv wkh h{0dqwh olihwlph xwlolw| lq hdfk frxqwu| zkhq kh wdnhv dv
jlyhq wkh sulflqj surwrfro1 Zh qrwh wkdw wklv uhvxow grhv qrw uhtxluh wkh devhqfh ri wlph glvfrxqwlqj +dv lq
Wuhmrv dqg Zuljkw/ 4<<8,/ udwkhu lw klqjhv rq wkh h{lvwhqfh ri dq rswlpdo txdqwlw| ri oltxlglw|1
Rxu ￿qglqjv duh looxvwudwhg e| phdqv ri qxphulfdo h{dpsoh lq zklfk frxqwulhv duh wdnhq wr eh yhu|
gl￿huhqw hfrqrplhv154 Wkh zklwh uhfwdqjoh lq ￿jxuh 4 gholplwv wkh vsdfh PG{PI rq zklfk wkh htxloleulxp
lq zklfk erwk fxuuhqflhv flufxodwh rqo| orfdoo|1 Dv qrwhg ehiruh/ wrr olwwoh oltxlglw| lpsolhv wkdw wkhuh duh qrw
hqrxjk ex|huv1 Wkh olplwhg iuhtxhqf| ri wudgh lqgxfhv vwruhv wr h{wudfw doo vxusoxv iurp wkh kljk ydoxdwlrq
ex|huv1 E| grlqj vr/ krzhyhu/ wkh prqhwdu| htxloleulxp fhdvhv wr h{lvw1 Dq lqfuhdvh lq wkh vxsso| ri orfdo
fxuuhqf| pdnhv orfdo wudgh hdvlhu dqg orzhuv orfdo sulfhv +exw grhv qrw lq xhqfh wkh wudgh ru sulfhv lq wkh
rwkhu hfrqrp|,/ xqwlo wkh oltxlglw| ohyho grhv qrw h{fhhg dq xsshu erxqg1 Qrwh dovr wkdw vlqfh wkh grphvwlf
hfrqrp| lv wkuhh wlphv odujhu wkdq wkh iruhljq/ wkh vwrfn ri prqh| wkdw fdq eh flufxodwhg grphvwlfdoo| lv
odujhu wkdq wkh iruhljq vwrfn +khqfh wkh uhjlrq ri h{lvwhqfh lv vkdshg dv d qduurz uhfwdqjoh,1
815 Rqh Lqwhuqdwlrqdo Fxuuhqf|
Lq wklv vhfwlrq zh frqvlghu htxloleuld zkhuh rqo| grphvwlf vwruhv srvw sulfhv lq erwk fxuuhqflhv/ zkloh




I @4 >￿ 3￿
G @3 = +65,
Ehfdxvh rqo| grphvwlf vwruhv vhoo iru fxuuhqf| G/ vrph ex|hu l zlwk fxuuhqf| G pxvw uhfhlyh d srvlwlyh
vxusoxv iurp wudgh/ rwkhuzlvh YG>l @3iru doo l dqg fxuuhqf| G zrxog kdyh qr ydoxh1 Wkhuhiruh wkh
htxloleulxp TG>l pxvw vwloo vdwlvi| +5;, ;l1 Wklv grhv qrw dsso| wr TI>l ehfdxvh grphvwlf vwruhv vhoo wr erwk
grphvwlf dqg iruhljq ex|huv zlwk I/ khqfh lq fkrrvlqj TI>l grphvwlf vhoohu l .4frqvlghuv dovr wkh iruhljq
ghpdqg1 Vlqfh lq jhqhudo Y 9@ Y 3/ irxu srvvleoh txdqwlw| r￿huv fdq eh srvwhg +wzr shu qdwlrqdolw|, zklfk
vdwlvi|
"I>l ￿iT I>lmYv>l . xl+TI>l, ￿ YI>l @3 >Y v>l￿4 . xl￿4+TI>l,￿YI>l￿4 @3 > +66,
Y 3
v>l . xl+TI>l,￿Y 3
I>l @3 >Y 3




Zh fdqqrw uxoh rxw dq| ri wkhvh txdqwlwlhv/ d sulrul/ qrw hyhq wkh vpdoohvw TI>l dw zklfk rqh ex|hu
w|sh ri rqo| rqh frxqwu| ex|v1 Wklv ehfdxvh hyhq li doo jdlqv iurp wudgh jr wr wkh grphvwlf vhoohu wkh
53Lq d pruh jhqhudo hqylurqphqw zkhuh ￿:￿dq lqfuhdvh lq ￿( zrxog fdxvh d vhtxhqfh ri mxpsv lq sulfhv xqwlo wkh prqhwdu|
htxloleulxp fhdvhg wr h{lvw1
54Rxu ehqfkpdun lv o ’f ￿ ￿ c￿’f ￿ .Dc￿’f ￿ b c@’f ￿ H c&’￿ f cdqg &￿ ’f ￿ 2D1 Lq wklv fdvh k( ’. ￿ D:k ￿
8 ’2 ￿ D:k ￿
(’
f ￿ ￿H.D :k 8 ’f ￿ fS2D￿
4<ex|hu pd| vwloo eh deoh wr jhw d srvlwlyh sd|r￿ iurp iruhljq sxufkdvhv1 Wkh glvfxvvlrq iru wkh txdqwlw|
r￿hu ri dq| iruhljq vhoohu l .4lv lghqwlfdo dqg vr lv khu fkrlfh vhw/ "3
I>l ￿ "I>l +zkhuh T3
I>l uhsodfhv TI>l,1
Qrwh wkdw t￿
I>l qhhg qrw qhfhvvdulo| htxdo t
3￿
I>l dqg wkhuh duh pxowlsoh sulfh yhfwruv zklfk fdq srwhqwldoo| eh
htxloleuld1 Ixuwkhupruh/ vlqfh d ex|hu*v jdlqv iurp wudgh jhqhudoo| ghshqg rq wkh vwruh*v qdwlrqdolw|/ wkh
ex|hu*v vwudwhjlhv zloo lq jhqhudo eh d ixqfwlrq ri erwk wkhlu qdwlrqdolw| +l1h1 E 9@ E
3





Wkh qxpehu ri srvvleoh htxloleuld lv juhdwo| uhgxfhg zkhq zh frqvlghu wkh vlpsoh fodvv ri htxloleuld zkhuh
hyhu| vwruh vhoov wr hyhu| ex|hu zkr ghvluhv wkh jrrg +dqg kdv wkh uljkw fxuuhqf|,1 Wklv lpsolhv wkdw vwruhv
lq erwk frxqwulhv srvw dq lghqwlfdo orzhvw sulfh lq fxuuhqf| I/ dqg vlqfh "3





































G>l,@4 >k 5i l￿5 >l￿4j= +69,
Zkhq Z￿ vdwlv￿hv +65,/ t￿
I vdwlv￿hv +67,/ q
￿ vdwlv￿hv +68,0+69,/ dqg PG ?S >+:,0+<, dqg +8, zlwk g @ G
lpso| p3
G @3 >p 3
I@p 3 >dqg pG @ PG
S 1 Ghwhuplqdwlrq ri pI dqg p3 lv dffrpsolvkhg e| vroylqj wkh
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Jlyhq wkh frqmhfwxuhg htxloleulxp vwudwhjlhv +65, dqg +68,0+69,/ sulfhv +67,/ wkh glvwulexwlrq ri prqh|
kroglqjv +6:,/ zh gh￿qh wkh ydoxh ixqfwlrqv1 Htxdwlrqv +4, dqg +45,0+46, lpso|
￿Yv @ ￿GpG5+YG ￿ t￿
G ￿ Yv,.5+ ￿ Gp I .￿ Ip 3
I,+Y I ￿t￿
I ￿Y v, +6;,
55Wkhuh duh vl{whhq srvvleoh htxloleulxp yhfwruv ^W/ zkhuh ^W
( lv xqltxho| ghwhuplqhg e| +5;,1 Hdfk ri wkhvh kdv lpsolfdwlrqv
iru wkh vwudwhjlhv ri ex|huv1 Zh zloo jlyh qxphulfdo h{dpsohv ri wklv pxowlsolflw| ri rxwfrphv1
Rqh ri wkhvh sursrvhg htxloleuld/ krzhyhu/ fdq eh uxohg rxw1 Qdpho|/ wkh fdvh zkhuh vhoohuv lq erwk frxqwulhv srvw wkh kljkhvw
sulfh lq whupv ri 8 +lq zklfk fdvh T8c￿ ’ T ￿
8c￿ ’f / dqg fxuuhqf| 8 lv qrw ydoxhg,1
53￿Y 3





I ￿ Y 3
v,> +6<,
zkloh +47,0+48, lq htxloleulxp lpso|







￿YI @^ ￿ G+4 ￿ p,.￿ I+4 ￿ p3






I @^ ￿ 3
G+4 ￿ p,.￿ 3
I+4 ￿ p3
I,‘^5+Y 3






Wr ￿qg wkh htxloleulxp txdqwlwlhv uhfdoo wkdw t￿
G lv xqltxho| ghwhuplqhg e| +5;,/ dqg zh duh frqvlghulqj
htxloleuld zkhuh +67, krogv1 Xqiruwxqdwho| +74, dqg +75, gr qrw whoo xv wkh uhodwlyh vl}h ri YI ￿Yv yv1 Y 3
I ￿Y 3
v
vr wkh sulflqj uxoh lv qrw xqltxho| lghqwl￿hg1
Vlqfh fxuuhqf| I lv wkh lqwhuqdwlrqdo fxuuhqf|/ zh irfxv rq d vxevhw ri wkh vlpsoh fodvv ri htxloleuld
khuh frqvlghuhg1 Qdpho|/ zh frqmhfwxuh +dqg wkhq yhuli|, wkh h{lvwhqfh ri dq htxloleulxp zkhuh fxuuhqf| I
jhqhudwhv wkh odujhvw qhw uhwxuq wr grphvwlf vhoohuv/ l1h1
YI ￿ Yv ￿ Y 3
I ￿ Y 3
v A 3> +76,
vr wkdw +67, lpsolhv
+dt￿
I,
￿ @ YI ￿ Yv= +77,
Xvlqj +77, dqg gh￿qlqj wkh iroorzlqj srvlwlyh frqvwdqwv
e4 ￿￿ . ￿G +4 . pG ￿ pI,>e 5￿ ￿ G +4 ￿ p,>e 6￿ 5 ￿ G p G >e 7￿ 5+￿ Gp I .￿ Ip 3
I,
f 4￿￿.￿ G+4 ￿ pG . pI,.￿ I+4 . p3
I,>f 5￿ ￿ G +4 ￿ p,.￿ I+4 ￿ p3
I,>
g4 ￿ ￿ .5 ￿ 3
G+4 ￿ pG,.5￿ 3
I>g 5￿ ^ ￿ 3
G +4 ￿ p,.￿ 3
I+4 ￿ p3
I,‘+4 . d￿,>g 6￿ 5+￿ 3
Gp I .￿ 3
Ip 3
I,>
wkhq +6;,/ dqg +73,0+75, lpso|
+YG ￿ Yv,e4 @ e5+t￿
G,￿ . e6t￿
G ￿ e7 +YI ￿ t￿
I ￿ Yv,> +78,
+YI ￿ Yv,f4 @ f5 +t￿
I,
￿ . e7t￿
I ￿ e6 +YG ￿ t￿
G ￿ Yv,> +79,
+Y 3
I ￿ Y 3




Wkh uljkw kdqg vlgh ri +7:, lv srvlwlyh iru doo t￿
I A 3> exw iurp +79,0+7:, lw lv qrw fohdu zkhwkhu YI ￿ Yv ￿
Y 3
I ￿Y 3
v/ khqfh wr ￿qg wkh htxloleulxp zh surfhhg dv iroorzv lq vxevhtxhqw vwhsv1 Iluvw/ zh surylgh frqglwlrqv
xqghu zklfk wkhuh lv d xqltxh sdlu it￿
G>t￿
Ijzklfk vroyhv wkh v|vwhp +78,0+79,1 Wkhq/ xvlqj +7:,/ zh surylgh
vx!flhqw frqglwlrqv iru +76, wr krog1 Ilqdoo| zh surylgh frqglwlrqv jxdudqwhhlqj vhoohuv* pd{lpl}dwlrq ri
sur￿wv1













￿ ￿ tI‘@t G
+ t I,
￿k





￿ ￿ tG‘@t I=
+7;,
Wkh v|vwhp ri htxdwlrqv +7;, gh￿qhv d pds zklfk kdv d ￿{hg srlqw tG @ tI @3fruuhvsrqglqj wr wkh
qrq0prqhwdu| htxloleulxp1 Xqghu fhuwdlq frqglwlrqv/ lw dovr kdv d xqltxh srvlwlyh ￿{hg srlqw it￿
G>t￿
Ij/d v
vshfl￿hg lq wkh iroorzlqj ohppd1
Ohppd 41 Wkh pds gh￿qhg e| +7;, kdv d xqltxh ￿{hg srlqw it￿
G>t￿
Ij5+3> ￿ t,5/l i

















d￿+￿ . f5, ￿ f5
d￿+￿ . e5, ￿ e5
A 4>￿ K￿
e 5 + e 6 . e 7 ,
f 5 ￿ e 5
A 3 >d O￿
￿
f 5
















+ d ￿f 4￿f 5,@3 1
Surri1 Lq dsshqgl{1
Uhfdoo wkdw vlqfh vwruhv lqwhqg wr lqgxfh d sxufkdvh e| hyhu| ex|hu zkr kdv srvlwlyh ydoxdwlrq iru wkh
jrrg/ wkh| fkrrvh sulfhv e| frqvlghulqj wkh suhihuhqfhv ri orz ydoxdwlrq ex|huv1 Wkh zlghu wkh jds ehwzhhq
kljk dqg orz ydoxdwlrq +wkh vpdoohu wkh d, wkh orzhu wkh sulfh wr eh srvwhg dqg wkh kljkhu wkh txdqwlw| wr
eh surgxfhg shu vdoh1 Ehfdxvh vhoohuv pxvw rewdlq d srvlwlyh vxusoxv iurp hdfk wudqvdfwlrq/ krzhyhu/ wkh|
zloo qrw ￿qg lw zruwkzkloh vhoolqj wr doo survshfwlyh ex|huv li wklv hqwdlov surgxfwlrq ri wrr odujh txdqwlwlhv
ri rxwsxw +dAd O, 1 Ex|huv/ rq wkh rwkhu kdqg/ h{shfw wr rewdlq srvlwlyh vxusoxv rqo| iurp d 4@Q iudfwlrq
ri wkh vwruhv ylvlwhg1 Wkh ydoxh dwwdfkhg wr prqh| kroglqjv/ wkhuhiruh/ ghshqgv rqo| rq wkh vxusoxv rewdlqhg
zkhq wkh suhihuuhg frpprglw| lv dftxluhg1 Vlqfh wkh vl}h ri wklv vxusoxv lv lqyhuvho| uhodwhg wr d> lw iroorzv
wkdw d fdqqrw eh wrr vpdoo hlwkhu +d?d K , 1 Ixuwkhupruh/ vhoohuv zrq*w surgxfh dw doo li wkh| duh wrr
lpsdwlhqw ehfdxvh prqh| uhfhlswv fdq rqo| eh xvhg rqo| lq ixwxuh sxufkdvhv1 Wklv h{sodlqv zk| wkh udwh ri
wlph glvfrxqwlqj fdqqrw eh wrr kljk +￿?￿ K, =
Fohduo| wr eh dq htxloleulxp it￿
G>t￿
Ijpxvw vxssruw wkh sursrvhg ￿￿ vwudwhjlhv olvwhg lq +65,1 Zh gr vr
lq wkh qh{w ohppd zkhuh zh dovr surylgh d frqglwlrq vx!flhqw wr vxssruw +76,/ lq zklfk fdvh fxuuhqf| I lv
ydoxhg pruh e| grphvwlf wkdq iruhljq vhoohuv1
55Ohppd 51 Zkhq wkh frqglwlrqv olvwhg lq ohppd 4 krog dqg it￿
G>t￿
Ijlv wkh htxloleulxp surgxfwlrq yhfwru/
wkhq ￿￿
g @4; g> ￿
3￿
I @4 >dqg wkhuh h{lvwv vrph n ￿ n3 A 3 dqg S 5 ^3=8>4, vxfk wkdw li PG ￿ 5S ￿ 4 wkhq
YI ￿ Yv ￿ Y 3
I ￿ Y 3
v1
Surri1 Lq dsshqgl{1
Lqwhuhvwlqjo|/ zh qrwh wkdw wkh vx!flhqw frqglwlrq iru iruhljq prqh| wr eh ydoxhg uhodwlyho| pruh e|
grphvwlf vhoohuv grhv qrw uhtxluh wkh h{lvwhqfh ri d vxevwdqwldo ghjuhh ri hfrqrplf lqwhjudwlrq ehwzhhq wkh
wzr frxqwulhv1 Udwkhu/ lw uhtxluhv d odfn ri grphvwlf oltxlglw|1 Zkhq S ￿ 3=8 dqg n ￿ n3 wkh grphvwlf
hfrqrp| lv odujhu +uhodwlyh wr wkh iruhljq, dqg wudgh pdwfkhv zlwk grphvwlf ex|huv duh pruh olnho| +wkdq
zlwk iruhljq ex|huv,1 Krzhyhu/ li wkh grphvwlf prqh| vxsso| lv orz +PG ￿ 5S ￿ 4, wkh grphvwlf vhoohuv
zloo sul}h wkh iruhljq fxuuhqf| pruh wkdq iruhljq vhoohuv1 Ilqdoo|/ zh surylgh vx!flhqw frqglwlrqv vxfk wkdw
it￿
G>t￿
Ijlv frqvlvwhqw zlwk vhoohuv* pd{lpl}dwlrq ri sur￿wv/ dqg iruhljq vhoohuv gr qrw dffhsw fxuuhqf| G=
Ohppd 61 Zkhq wkh frqglwlrqv olvwhg lq ohppdv 405 krog dqg it￿
G>t￿
Ij lv wkh htxloleulxp surgxfwlrq
yhfwru/ wkhq li d lv lq d qhljkerukrrg ri dO dqg n3 lv vx!flhqwo| vpdoo wkhq +l, t￿
G vdwlv￿hv +53, iru grphvwlf
vhoohuv +ll, li YI ￿Yv @ Y 3
I ￿Y 3
v wkhq t￿




Dq h{lvwhqfh sursrvlwlrq iroorzv1
Sursrvlwlrq 51 Wkh frqglwlrqv vhw iruwk lq ohppdv 406 duh vx!flhqw iru wkh h{lvwhqfh ri d xqltxh
htxloleulxp zkhuh rqo| rqh fxuuhqf| flufxodwhv lqwhuqdwlrqdoo| +fxuuhqf| I,/ dqg zkhuh sulfhv ri lghqwlfdo
frpprglwlhv duh lghqwlfdo dfurvv frxqwulhv hyhq li wkh htxloleulxp ydoxdwlrq ri wkh wzr fxuuhqflhv pd| gl￿hu
dfurvv frxqwulhv1
Surri1 Vhh Dsshqgl{1
Zh looxvwudwh wkh sursrvlwlrq zlwk wkh khos ri ￿jxuh 41 Wkh htxloleulxp zkhuh fxuuhqf| vxevwlwxwlrq wdnhv
sodfh lq wkh grphvwlf hfrqrp| fruuhvsrqgv wr wkh grwwhg duhd1 Lw dulvhv rqo| zkhq wkh grphvwlf vwrfn ri
oltxlglw| lv vx!flhqwo| orz/ dqg grhv qrw frh{lvw zlwk wkh rqh zlwk rqo| orfdo fxuuhqflhv1 Ehfdxvh ri wklv
odfn ri oltxlglw| grphvwlf vwruhv zrxog udwkhu vhoo ohvv iuhtxhqwo| exw fkdujh suhplxp sulfhv e| h{wudfwlqj doo
vxusoxv ri wkh kljk ydoxdwlrq ex|huv +ghvwur|lqj wkh prqhwdu| htxloleulxp,1 Wkh odfn ri oltxlglw|/ krzhyhu/
fdq eh ohvvhqhg li grphvwlf wudghuv zrxog dgrsw dovr wkh iruhljq fxuuhqf| lq wkhlu wudqvdfwlrqv1 Hyhq li
iruhljq wudgh lv vxemhfw wr vxevwdqwldo iulfwlrqv +￿G @: = 8A￿ I @3 = 3958, fxuuhqf| vxevwlwxwlrq hqodujhv wkh
h{whqw ri wkh pdunhw dqg nhhsv wkh vwruhv iurp srvwlqj suhplxp sulfhv lq dq looltxlg hfrqrp|1 Qrwh iurp
56wkh slfwxuh wkdw wkh iruhljq hfrqrp| kdv ￿vx!flhqw￿ oltxlglw| +S @3 = :8 dqg PI AP Glq wkh duhd zkhuh
wkh htxloleulxp h{lvwv, vr wkdw/ jlyhq wkh h{whqw ri lqwhuqdwlrqdo wudgh iulfwlrqv/ iruhljq vhoohuv gr qrw ￿qg lw
zruwkzkloh wr xvh erwk fxuuhqflhv dv phgld ri h{fkdqjh1
Lqwhuhvwlqjo|/ wkh lqwhuqdwlrqdo fxuuhqf| kdv lghqwlfdo sxufkdvlqj srzhu lq erwk frxqwulhv/ hyhq li wkh|
duh yhu| gl￿huhqw hfrqrplhv1 Ehfdxvh ri wkh h{lvwhqfh ri vxevwdqwldo lqwhuqdwlrqdo wudgh iulfwlrqv/ krzhyhu/
wkh wzr fxuuhqflhv duh qrw shuihfw vxevwlwxwhv lq wkdw wkhuh lv d ￿krph jrrgv eldv￿ +t￿
G At ￿
I,1 Wklv lv
ehfdxvh grphvwlf vwruhv ydoxh wkh orfdo fxuuhqf| pruh vlqfh wkh iuhtxhqf| ri wudgh lw doorzv lv juhdwhu wkdq
wkh frpshwlqj prqh|1
816 Wzr lqwhuqdwlrqdo fxuuhqflhv1





G @4 > +83,
lq zklfk fdvh dq| vwruh srvwv sulfhv lq whupv ri erwk fxuuhqflhv1 Ehfdxvh ex|huv fdq ex| orfdoo| ru deurdg/
vhoohu l .4frqvlghuv erwk wkh iruhljq dqg grphvwlf ghpdqg lq fkrrvlqj Tg>l1 Krzhyhu/ vlqfh lq jhqhudo
Y 9@ Y 3/ wkh vhoohu fdq fkrrvh wr srvw rqh ri irxu srvvleoh txdqwlw| r￿huv iru hdfk ghqrplqdwlrq=
"g>l ￿iT g>lmYv>l . xl+Tg>l, ￿ Yg>l @3 >Y v>l￿4 . xl￿4+Tg>l, ￿ Yg>l￿4 @3 >
Y3
v>l . xl+Tg>l, ￿ Y 3
g>l @3 >Y 3




Dv h{sodlqhg lq wkh suhylrxv vhfwlrq/ qrqh ri wkhvh txdqwlwlhv fdq eh uxohg rxw d sulrul/ qrw hyhq wkh vpdoohvw1
Hyhq li/ vd|/ grphvwlf vhoohuv rewdlqhg wkh hqwluh vxusoxv jhqhudwhg e| g0ghqrplqdwhg wudghv/ iruhljq ex|huv
frxog vwloo eh deoh wr jhw d srvlwlyh vxusoxv/ vrphwlphv/ li iruhljq vhoohuv srvwhg orzhu sulfhv1 Fohduo|/ prqhwdu|
htxloleuld lq zklfk doo vwruhv srvw wkh kljkhvw sulfh frxog qrw eh vxssruwhg +lq zklfk fdvh Yg>l @ Y 3
g>l @3 , >
exw vhyhudo rwkhu srvvleoh frpelqdwlrqv ri sulfhv fdq eh frqmhfwxuhg +77 ￿ 4,= Wkh vhw ri srvvleoh rxwfrphv/
krzhyhu/ lv rqfh djdlq juhdwo| uhgxfhg zkhq zh frqvlghu wkh vlpsoh fodvv ri htxloleuld zkhuh hyhu| vwruh vhoov
wr hyhu| ex|hu zkr ghvluhv wkh jrrg1 Wklv lpsolhv wkdw vwruhv lq erwk frxqwulhv srvw wkh orzhvw g0ghqrplqdwhg
sulfh +kljkhvw srvvleoh txdqwlw|,1
Wkh jdlqv iurp wudgh iru ex|hu k/ krzhyhu/ vwloo ghshqg rq klv qdwlrqdolw| ehfdxvh wkh uhwxuqv iurp
kroglqj g pd| gl￿hu lq gl￿huhqw orfdwlrqv +gxh wr glvvlplodu pdunhw iulfwlrqv/ iru lqvwdqfh,1 Iru wklv uhdvrq
+dqg vlqfh "3
g>l ￿ "g>l, wkh rswlpdo txdqwlw| r￿hu pxvw jhqhudoo| vdwlvi|
t￿
g @ t3￿
g vxfk wkdw xl￿4+t￿
g>l,@p d {
￿
Y g>l￿4 ￿ Yv>l￿4>Y 3




















57Zkhq wkh htxloleulxp vwudwhjlhv Z￿ dqg q
￿vdwlvi| +83, dqg +85,/ dqg t￿
g vdwlv￿hv +84,/ wkhq +:,0+<, dqg
+8, lpso| wkh glvwulexwlrq ri prqh|
p3
g @ pg @ Pg ;g> +86,
khqfh p @ p3 @ P1 Wklv dqg +4,/ +45,0+46,/ lq wxuq lpso| wkh ydoxh ixqfwlrqv
￿Yv @5+ ￿ G.￿ I,^p G+Y G￿t￿
G￿Y v,.p I+ Y I ￿t ￿
I ￿Y v,‘ +87,
￿Y 3









dqg vlqfh lq jhqhudo Yg ￿ Yv 9@ Y 3
g ￿ Y 3
v> wkhq +47,0+48, lpso|
















Xqiruwxqdwho| +87,0+8:, gr qrw whoo xv wkh uhodwlyh vl}h ri Yg ￿ Yv yv1 Y 3
g ￿ Y 3
v> vr wkdw zh fdqqrw slq
grzq d xqltxh htxloleulxp txdqwlw| xvlqj +84,1 Rqfh djdlq zh frqmhfwxuh +dqg wkhq yhuli|, wkh h{lvwhqfh ri
dq htxloleulxp zkhuh lw lv wkh grphvwlf vwruhv wkdw kdyh wkh odujhvw qhw uhwxuq iurp kroglqj hdfk fxuuhqf|/
Yg ￿ Yv ￿ Y 3
g ￿ Y 3
v A 3 ;g> vr wkdw +84, lpsolhv
+dt￿
g,
￿ @ Yg ￿ Yv= +8;,
Xvlqj wklv ￿sulflqj uxoh￿/ zh suryh wkh iroorzlqj1
Sursrvlwlrq 61 Wkhuh h{lvwv d xqltxh htxloleulxp zlwk fxuuhqf| vxevwlwxwlrq zkhuh t￿
g @ t
3￿
g @ t￿ ;g> li
p vdwlv￿hv +86,/ dqg wkh iroorzlqj vx!flhqw frqglwlrqv krog=









a ￿ @p l q i ￿ G 4>￿ I4j>￿ G 4￿
+ ￿ G . ￿ I ,
￿
pd4.￿ .+ 5￿d ,+4￿p￿d ￿,
￿
+5 ￿ d,d￿





I,+4 ￿ p,+4 . d￿,
￿+5 ￿ d,.5 + ￿ 3
G.￿ 3
I,+5 ￿ d ￿ p,
=
Fruroodu|1 Htxloleuld zkhuh erwk fxuuhqflhv duh lqwhuqdwlrqdo pd| frh{lvw zlwk htxloleuld zlwkrxw fxu0
uhqf| vxevwlwxwlrq/ exw wkh iruphu dovr h{lvw rq uhjlrqv ri wkh sdudphwhu vsdfh zklfk gr qrw vxssruw wkh odwwhu1
Wkxv wkh srvvlelolw| ri fxuuhqf| vxevwlwxwlrq pd| udlvh zhoiduh1
58Surri1 Lq Dsshqgl{1
Wkh xqlrq ri wkh eodfn/ zklwh dqg grwwhg duhdv lq ￿jxuh 4 uhsuhvhqwv wkh uhjlrq zklfk vxssruwv wkh
htxloleulxp glvfxvvhg lq wklv vhfwlrq1 Lw fohduo| frh{lvwv zlwk wkh wzr w|shv ri htxloleuld zlwk sduwldo dqg
qr fxuuhqf| vxevwlwxwlrq1 Qrwh/ iru lqvwdqfh/ wkdw hyhq li wkh htxloleulxp zlwk wzr orfdo fxuuhqflhv grhv
qrw h{lvwv iru wrr vpdoo grphvwlf ru iruhljq prqh| vwrfnv/ dq htxloleulxp zkhuh erwk fxuuhqflhv flufxodwh
lqwhuqdwlrqdoo| grhv1 Wklv ehfdxvh e| xvlqj erwk ghqrplqdwlrqv iru erwk orfdo dqg lqwhuqdwlrqdo wudgh wkh
h{whqw ri wkh pdunhw lqfuhdvhv iru erwk orfdo dqg iruhljq vhoohuv1 Wklv jhqhudwhv d juhdwhu iuhtxhqf| ri
wudgh dqg doorzv lqglylgxdo vwruhv wr srvw orzhu sulfhv1 Vlploduo|/ dq htxloleulxp zlwk wzr lqwhuqdwlrqdo
fxuuhqflhv h{lvwv iru fxuuhqf| vwrfnv odujhu wkdq wkh rqh gholplwlqj wkh duhd ri h{lvwhqfh ri wkh wzr orfdo
fxuuhqf| htxloleulxp1 Odujhu iruhljq fxuuhqf| vwrfnv pdnh lw rswlpdo iru grphvwlf vhoohuv wr dffhsw wkh
iruhljq fxuuhqf| +dqg ylfh0yhuvd, dv orqj dv hyhu| vwruhv srvwv sulfhv lq erwk ghqrplqdwlrqv1 Ehfdxvh wkh
wzr fxuuhqflhv duh vxevwlwxwdeoh/ krzhyhu/ dv wkh djjuhjdwh vwrfn ri prqh|v ulvhv sulfhv lq erwk frxqwulhv zloo
gurs1
Zkloh zh irfxv rq d vlpsoh fodvv ri htxloleuld zkhuh fxuuhqf| vxevwlwxwlrq wdnhv sodfh dqg wkh lqwhuqdwlrqdo
fxuuhqf| kdv lghqwlfdo sxufkdvlqj srzhu lq erwk frxqwulhv/ pxowlsoh htxloleuld zlwk fxuuhqf| vxevwlwxwlrq pd|
h{lvw rxwvlgh ri wklv fodvv1 Zkhuhdv dwwhpswlqj wr fkdudfwhul}h doo ri wkhp dqdo|wlfdoo| lv d gdxqwlqj wdvn/
zh surylgh vrph h{dpsohv ri zkdw zh wklqn duh lqwhuhvwlqj rxwfrphv1 Iljxuh 5 lq sduwlfxodu/ vkrzv wkdw
rq vrph uhjlrqv ri wkh sdudphwhu vsdfh wkhuh duh htxloleuld zlwk lqwhuqdwlrqdo sulfh glvshuvlrq lq wkdw hdfk
qdwlrqdo fxuuhqf| kdv d odujhu sxufkdvlqj srzhu deurdg1 Wkhvh htxloleuld duh lqwhuhvwlqj ehfdxvh wkh| duh
v|pphwulf/ dqg ehfdxvh wkh| frh{lvw zlwk htxloleuld zlwkrxw sulfh glvshuvlrq1
91 Frqfoxglqj uhpdunv1
Zh kdyh frqvlghuhg h{lvwhqfh ri prqhwdu| htxloleuld lq d wzr0frxqwu|/ wzr0fxuuhqflhv zruog zlwk hqgrjh0
qrxv sulfh irupdwlrq e| phdqv ri d vhoohu0srvwlqj0sulfh surwrfro1 Zh kdyh suryhg wkh h{lvwhqfh ri d xqltxh
htxloleulxp zkhuh grphvwlf wudgh lv hqwluho| idflolwdwhg e| grphvwlf fxuuhqf|1 Lq wklv fdvh rxu suholplqdu|
￿qglqjv vkrz wkdw/ lq frqwudvw wr hduolhu udqgrp pdwfklqj prghov ri prqh|/ v|pphwulf prqhwdu| htxloleuld
pd| h{lvw rqo| rq d vxevhw ri wkh vxssruw ri wkh glvwulexwlrq ri prqh|/ dqg rqo| li lqglylgxdov duh vx!flhqwo|
sdwlhqw1 Lqwhuhvwlqjo| zh ￿qg wkdw/ xqghu fhuwdlq frqglwlrqv/ wklv sulflqj phfkdqlvp doorzv iru wkh srvvlelo0
lw| wkdw vwruhv srvw h!flhqw sulfhv/ lq wkh vhqvh wkdw wkh htxloleulxp sulfhv duh lghqwlfdo wr wkh rqh d vrfldo
sodqqhu zrxog fkrrvh1 Dgglwlrqdoo|/ zh kdyh vkrzq wkdw li wkh prqh| vxsso| lv wrr odujh ru wrr vpdoo vhoohuv
zrxog ￿qg lw rswlpdo wr sulfh glvfulplqdwh djdlqvw wkh orz ydoxdwlrq ex|huv/ dqg h{wudfw doo wudgh vxusoxv
iurp wkh kljk ydoxdwlrq ex|huv1 Wklv/ lq wxuq/ zrxog ghsulyh prqh| ri lwv ydoxh dqg vkxw grzq wudgh1 Zh
kdyh vkrzq wkdw lq wklv fdvh fxuuhqf| vxevwlwxwlrq frxog eh suryh wr eh vrfldoo| ehqh￿fldo lq wkh vhqvh wkdw
59lw zrxog doorz wkh dfklhyhphqw ri Sduhwr vxshulru doorfdwlrqv zkhuh wudgh rffxuv1
E| frqvlghulqj d vlpsoh fodvv ri htxloleuld zkhuh hyhu| vwruh srvwv lghqwlfdo sulfhv/ zh kdyh suryhg wkh
h{lvwhqfh ri dq rxwfrph zkhuh wkh vdoh ri grphvwlf rxwsxw lv idflolwdwhg e| erwk wkh grphvwlf dqg wkh iruhljq
fxuuhqf|/ exw qrw ylfh0yhuvd1 Lq wklv frqwh{w/ zh kdyh vkrzq wkh h{lvwhqfh ri ￿krph jrrg eldv￿/ lq wkdw wkh
grphvwlf fxuuhqf| pd| kdyh d odujhu sxufkdvlqj srzhu ehfdxvh ri lqwhuqdwlrqdo wudgh iulfwlrqv1 Wklv pd|
rffxu hyhq li wkh qhw uhwxuq iurp kroglqj wkh iruhljq fxuuhqf| lv odujhu lq wkh grphvwlf hfrqrp|/ wkhq deurdg1
Zh kdyh dovr vkrzq wkdw wkhuh duh htxloleuld lq zklfk fxuuhqf| vxevwlwxwlrq wdnhv sodfh lq erwk hfrqrplhv/
wkh| duh shuihfw vxevwlwxwhv dqg wkhlu sxufkdvlqj srzhu lv lghqwlfdo dfurvv hfrqrplhv1 Lqwhuhvwlqjo|/ wklv pd|
rffxu ghvslwh wkh suhvhqfh ri erwk lqwhuqdwlrqdo wudgh iulfwlrqv dqg vxevwdqwldo dv|pphwulhv lq wkh hfrqrplf
ixqgdphqwdov ri wkh wzr frxqwulhv1 Qxphulfdoo|/ zh kdyh vkrzq wkdw htxloleuld zlwk fxuuhqf| vxevwlwxwlrq
pd| eh pxowlsoh/ dqg pd| hqwdlo sulfh glvshuvlrq dfurvv frxqwulhv rq fhuwdlq uhjlrqv ri wkh sdudphwhu vsdfh1
Zh frqvlghu wklv vwxg| dv d ￿uvw vwhs lq wkh gluhfwlrq ri d ehwwhu xqghuvwdqglqj ri wkh skhqrphqrq ri
fxuuhqf| vxevwlwxwlrq1 Lq ixwxuh uhvhdufk zh lqwhqg wr ghyhors wklv prgho ixuwkhu wr lqyhvwljdwh wkh h￿hfw
wkdw fxuuhqf| vxevwlwxwlrq kdv rq erwk sulfhv dqg yroxph ri wudgh/ dqg xowlpdwho| zhoiduh1
5:Uhihuhqfhv
Fdoyr/ J1 +4<;8, ￿Fxuuhqf| Vxevwlwxwlrq dqg wkh uhdo H{fkdqjh Udwh= wkh Xwlolw| Pd{lpl}dwlrq Ds0
surdfk/￿ Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 7/ 4:804;;
Fdoyr dqg Yhjk +4<<9,/ ￿Iurp Fxuuhqf| Vxevwlwxwlrq wr groodul}dwlrq dqg eh|rqg= Dqdo|wlfdo dqg srolf|
lvvxhv/￿ Lq= Fdoyr/ J1 +Hg1,/ Prqh|/ H{fkdqjh Udwhv/ dqg Rxwsxw/ Wkh PLW Suhvv/ Fdpeulgjh/ Pdvvd0
fkxvhwwv/ 48604:9
Fudlj E1/ dqg F1 Zdoohu +4<<<,/ ￿Fxuuhqf| Sruwirolrv dqg Qrplqdo H{fkdqjh Udwhv lq d Gxdo Fxuuhqf|
Vhdufk Hfrqrp|/￿ pdqxvfulsw/ Xqlyhuvlw| ri Nhqwxfn|1
Ghqhfnhuh dqg Urwkvfklog +4<<5,/ ￿Prqrsrolvwlf Frpshwlwlrq dqg Suhihuhqfh Glyhuvlw|/￿ Uhylhz ri Hfr0
qrplf Vwxglhv/ 8</ 69406:6
Jlrydqqlql dqg Wxuwoherrp +4<<5,/ Fxuuhqf| Vxevwlwxwlrq/ QEHU zrunlqj sdshu &7565
Khdg D1/ dqg V1 Vkl +4<<;,/ ￿Vhdufk/ Lq dwlrq dqg H{fkdqjh Udwhv/￿ pdqxvfulsw/ Txhhq*v Xqlyhuvlw|1
Nrfkhuodnrwd/ Q1 dqg W1 Nuxhjhu +4<<;,/ ￿Zk| Gr Gl￿huhqw Frxqwulhv Xvh Gl￿huhqw FxuuhqflhvB/￿ LPI
Zrunlqj sdshu <;24:
Oxfdv/ U1 +4<;5, ￿Lqwhuhvw Udwhv dqg Fxuuhqf| Sulfhv lq d Wzr0Frxqwu| Zruog/￿ Mrxuqdo ri Prqhwdu|
Hfrqrplfv/ 43/ 668068<
Nduhnhq M1/ dqg Q1 Zdoodfh +4<;4,/ ￿Rq wkh lqghwhuplqdf| ri htxloleulxp h{fkdqjh udwhv/￿ Txduwhuo|
Mrxuqdo ri Hfrqrplfv/ <9/ 53:055
Pdwvx|dpd N1/ Q1 Nl|rwdnl dqg D1 Pdwvxl +4<<6,/ ￿Wrzdug d Wkhru| ri Lqwhuqdwlrqdo Fxuuhqf|/￿ Uhylhz
ri Hfrqrplf Vwxglhv/ 93/ 5;6063:1
Udxfk/ M1H1 +4<<9, ￿Wudgh dqg Vhdufk= Vrfldo fdslwdo/ vrjr vrvkd/ dqg vslooryhuv/￿ QEHU Zrunlqj Sdshu
Qr1 894;
Udxfk/ M1H1 +4<<<, ￿Qhwzrun yhuvxv pdunhwv lq lqwhuqdwlrqdo wudgh/￿ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/
7;/ :068
Urjr￿ N1/ +4<<9, ￿Wkh Sxufkdvlqj Srzhu Sdulw| Sx}}oh/￿ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 67/ 97:099;
Vkl V1 +4<<8, ￿Prqh| dqg Sulfhv= D Prgho ri Vhdufk dqg Edujdlqlqj/￿ Mrxuqdo ri Hfrqrplf Wkhru| 9:/
79:07<91
Vroohu/ H1 dqg U1 Zuljkw +4<<<,/ ￿Sulfh Vhwwlqj dqg Sulfh Glvshuvlrq lq d Prqhwdu| Hfrqrp|/￿ pdqx0
vfulsw/ Xqlyhuvlw| ri Shqqv|oydqld1
Wuhmrv D1 dqg U1 Zuljkw +4<<8, ￿Vhdufk/ Edujdlqlqj/ Prqh| dqg Sulfhv/￿ Mrxuqdo ri Srolwlfdo Hfrqrp|
436/ 44;04741
Wuhmrv dqg Zuljkw/ +4<<9, ￿Wrzdugv d Wkhru| ri Lqwhuqdwlrqdo Fxuuhqf|= D Vwhs Ixuwkhu￿/ pdqxvfulsw/
Xqlyhuvlw| ri Shqqv|oydqld1
5;Wuhmrv D1/ dqg U1 Zuljkw +5333, ￿Lqwhuqdwlrqdo Prqh|/￿ pdqxvfulsw/ Xqlyhuvlw| ri Shqqv|oydqld1
]krx U1O1 +4<<:, ￿Fxuuhqf| H{fkdqjh lq d Udqgrp Vhdufk Prgho/￿ Uhylhz ri Hfrqrplf Vwxglhv/9 7 /
5;<0643
Dsshqgl{
Vxerswlpdolw| ri Tg>l￿4 ohdylqj doo srwhqwldo ex|huv zlwk vrph srvlwlyh vxusoxv1
Qrwh ￿uvw wkdw r￿huv odujhu wkdq wkh rqh ohdylqj }hur vxusoxv wr ex|huv zlwk wkh orzhvw ydoxdwlrq iru
jrrg l ￿ 4> duh qrw dq htxloleulxp= d odujhu txdqwlw| r￿huhg zrxog qrw lqfuhdvh wkh suredelolw| ri d vdoh/











gxh wr rxu ghvfulswlrq ri suhihuhqfhv dqg vlqfh erwk grphvwlf dqg iruhljq ex|huv pd| krog fxuuhqf| g156 Wr
frqvlghu wkh vwulfwhvw srvvleoh fdvh/ vxssrvh wkdw ￿ Tg>l￿4 vdwlv￿hv Yg>l￿ ￿ Tg>l￿4 ￿Yv>l A 3> vr vhoohuv zrxog vhoo
iru dq| Tg>l￿4 ? ￿ Tg>l￿4 +vlqfh wkhlu sd|r￿ lv srvlwlyh,1 Wkhq +rplwwlqj wkh lqglfhv g dqg l ￿ 4 zkhuh wkh|
duh xqghuvwrrg,/ slfn dq| wzr r￿huv TO ?T K? ￿ T> vxfk wkdw wkh| wdnh dzd| wkh vxusoxv iurp wzr dgmdfhqw
w|shv ri ex|huv= d orz ydoxdwlrq ex|hu lq wkh fdvh ri TK dqg wkh qh{w kljkhu ydoxdwlrq ex|hu lq wkh fdvh ri
TO1












ghqrwh wkh h{shfwhg ghpdqg iru wkh frpprglw| l ￿ 4 zkhq vrog dw sulfh 4
Tg>l￿4= Iru hdvh ri qrwdwlrq rplw
wkh vxevfulswv g dqg l ￿ 4 iurp G> khqfh zh zulwh wkh sur￿w ixqfwlrq dv
￿+T, ￿ G+Yg ￿ T ￿ Yv,
iru dq| T= Gh￿qh dovr wkh frqyh{ frpelqdwlrq T￿ ￿ ￿TO.+4￿￿,TK iru vrph ￿ 5 +3>4,1 Zh qrz vkrz wkdw
r￿hulqj T￿ lv zruvh wkdq dw ohdvw r￿hulqj TO ru TK= Ehfdxvh ri wkhlu gh￿qlwlrq/ TO dqg TK duh ￿dgmdfhqw
r￿huv￿/ wkdw lv
GO @ G￿ ?G K>
56Uhfdoo wkdw lq d prqhwdu| htxloleulxp/ iru prqh| wr ydoxhg wkhuh pxvw dw ohdvw eh rqh ri wkh gl￿huhqfhv Trc￿ 3 T_c￿ ru
T ￿
rc￿ 3 T ￿
_c￿ zklfk lv vwulfwo| qhjdwlyh1 Khqfh wkh 4￿?tu￿ ixqfwlrq1
Ixuwkhupruh/ ex|hu ￿ ’ ￿ n￿lv wkh rqh zkr kdv wkh orzhvw srvlwlyh ydoxdwlrq iru jrrg ￿ 3 ￿c vlqfh @￿c￿3￿ lv dq lqfuhdvlqj




’f ￿Exw wkhq/ d prqhwdu| htxloleulxp pxvw
vdwlvi| 4￿?tTrc￿ 3 T_c￿cT￿






5<l1h1 rqo| li wkh txdqwlw| lv lqfuhdvhg wr TK pruh ex|huv zloo ex|1 Wkxv
￿+T￿, ￿ GO+Yg ￿ T￿ ￿ Yv, ?G O+ Y g￿T O￿Y v,￿￿+TO,
Exw wkhq/ li pd{
TO>TK
i￿+TO,>￿+TK,j @￿ + T O , >wkhq T￿ lv d fkrlfh grplqdwhg dw ohdvw e| TO> zkloh li
pd{
TO>TK
i￿+TO,>￿+TK,j @￿ + T K,wkhq T￿ lv grplqdwhg e| erwk TO dqg TK=￿
Surri ri Sursrvlwlrq 41
Zh rqo| glvfxvv wkh fdvh iru grphvwlf wudghuv +wkh fdvh ri iruhljq wudghuv lv lghqwlfdo,1 Lq htxloleulxp/
xvlqj +5:,/ +63,/ +64,/ +5;,/ dqg +59,/






￿￿4 +4 ￿ p,.5 p
l
￿.￿ G+4 . p,
= +8<,














d￿ ^￿ . ￿3














Ex|hu*v vwudwhjlhv1 Lw lv hdvlo| yhul￿hg wkdw ￿
￿
G>l+t￿




G @4 1 Xvlqj +55,/ jlyhq wkdw t￿
G vdwlv￿hv +5;,/ dqg jlyhq +5<,/ ￿￿
G @4zkhqhyhu t￿
G ? ￿ t= Wklv ehfdxvh
YG ￿ t￿
G ￿ Yv A 3> lq htxloleulxp lv mxvw +dt￿
G,
￿ ￿ t￿





G,1 Wdnlqj dv jlyhq wkh ydoxh ixqfwlrqv/ wkh h{shfwhg sur￿w iurp fkdujlqj wkh orz
sulfh pxvw eh wkh kljkhvw1 Xvlqj +53, wklv lv htxlydohqw wr
YG ￿ +YG ￿ Yv,
4










zklfk/ xvlqj +5;,/ lv vdwlv￿hg zkhqhyhu +t￿
G,
4￿￿ ￿ d￿
5￿d1 Qrwh wkdw li wkh odwwhu lqhtxdolw| lv vdwlv￿hg
wklv dovr jxdudqwhhv t￿
G ? ￿ t +vhoohu*v vxusoxv lv srvlwlyh,/ vlqfh +t￿
G,
4￿￿ ￿ d￿




5￿d dqg uhduudqjlqj zh rewdlq
￿G
￿
pd4.￿ .+ 5￿d ,+4￿p￿d ￿,
￿
￿+5 ￿ d,d￿￿=
63Vlqfh pd4.￿ .+ 5￿d ,+4￿p￿d ￿,A3rqo| li
p?￿ p￿
+5 ￿ d,+4 ￿ d￿,









pd4.￿ .+ 5￿d ,+4￿p￿d ￿,
￿
+5 ￿ d,d￿ dqg p?￿ p=
Wkhvh frqglwlrqv duh=
￿ Qhfhvvdu| iru T￿
G wr pd{lpl}h sur￿wv/ zkhq lw vdwlv￿hv +5;,
￿ Vx!flhqw wr jxdudqwhh t￿
G ? ￿ t vr wkdw ￿￿
G @4 =
Lw lv hdv| wr vkrz wkdw dv d $ 4 wkhq ￿ p $ 4@5 +e| O*Krvslwdo uxoh,/ wkdw erwk p dqg ￿ p duh ghfuhdvlqj
lq d/ dqg wkdw p ? ￿ p ;d1 Wkhuhiruh wkhuh duh PG wkdw vdwlvi| p 5 +p> ￿ p, ;d>S1 Dgglwlrqdoo|/
ehfdxvh ￿G A 3 wkhuh duh 3 ?￿￿￿











+5￿d,d￿ 1 Ilqdoo|/ li
￿ ￿ ￿ plqi￿G>￿ Ij dqg p>p3 ? ￿ p
wkhvh frqglwlrqv duh vx!flhqw iru ￿￿
G @￿
3￿
I @4 /d q gqhfhvvdu| iru t￿
G dqg t
3￿
I wr vdwlvi| +53, wkxv eh
wkh sur￿w pd{lpl}lqj txdqwlwlhv1
+lll, ￿￿
I @3 1 Xvlqj +55, wkhuh pxvw eh qr txdqwlw| lq "I>l￿4 wkh vhoohu zrxog olnh wr surgxfh lq h{fkdqjh iru
fxuuhqf| I/ jlyhq wkh frqmhfwxuhg glvwulexwlrq/ ydoxh ixqfwlrqv/ sulfhv/ dqg vwudwhjlhv1 Lq sulqflsoh d
grphvwlf vhoohu frxog vhoo iru fxuuhqf| I wr hlwkhu d grphvwlf ru d iruhljq ex|hu1 Krzhyhu/ vlqfh pI @3
grphvwlf vhoohuv h{shfw wr phhw qrqh ri wkh iruphu/ rqo| wkh odwwhu1 Wkxv/ lq fdvh wkh vhoohu ghyldwhv
wr ￿I @4 >wkh rqo| +srwhqwldoo|, zruwkzkloh surgxfwlrq fkrlfhv duh TI @ 4
d+Y 3





v, 4 @￿ ￿ dt3￿
I 1 Vlqfh vrph iruhljq ex|huv +wkh kljk ydoxdwlrq rqhv, zrxog ex| zkhq r￿huhg
wkh vpdoohvw txdqwlw| dt3￿
I +wkh kljkhvw srvvleoh sulfh,/ wkhq wkh ghyldwlrq zrxog r￿hu wkh srvvlelolw|
wr vhoo wr vrph/ dw wkh kljkhvw srvvleoh sulfh1 Fohduo| hyh li e| grlqj vr wkh vxusoxv iurp wudgh lv




I ￿ Yv ￿ 3= +95,
Rxw0ri0htxloleulxp/ d grphvwlf ex|hu l kroglqj iruhljq fxuuhqf| kdv d olihwlph xwlolw| zklfk vdwlv￿hv
















Rqh sureohp zlwk wkh ixqfwlrqdo htxdwlrq deryh lv wkdw lw frqwdlqv vwudwhjlhv EI>l+t3￿
I>k, zklfk/ dv
frpsohwh frqwlqjhqw sodqv/ gh￿qh dfwlrqv qhyhu revhuyhg dorqj wkh htxloleulxp sdwk= zh grq*w nqrz
64li wkh grphvwlf ex|hu zlwk I ex|v iurp d iruhljq vhoohu dqg dw zkdw sulfh1 Krzhyhu zh nqrz wkdw li
YI ￿ Yv ￿ dt3￿




￿ Ad t 3￿
I +vlqfh dt3￿
I ? 4,1
Wklv kdv lpsolfdwlrqv iru wkh rxw0ri0htxloleulxp pryhv ri grphvwlf ex|huv zlwk I = ex|hu l zloo ex| doo
frpprglwlhv l dqg l .4r￿huhg/ l1h1 E￿
I>l+t3￿
I>k,@4k@4 >l.4 =
Qrz wkhuh duh wzr fdvhv= +l, dt3￿
I ￿ YI ￿ Yv A 3/ ru +ll, dt3￿
I A 3 ￿ YI ￿ Yv= Lq wkh vhfrqg lqvwdqfh
grphvwlf ex|huv zlwk I zrxog dozd|v ex| +E￿
I>l+t3￿
I>k,@4; k ,hyhq li frqvxpswlrq ri wkh frpprglw|
r￿huhg glg qrw surylgh dq| xwlolw| +uhfdoo wkdw wkhuh lv qr iuhh glvsrvdo ri prqh| vr e| ex|lqj lqglylgxdov




￿YI @ ￿I+4 ￿ p3
I,
k









zklfk/ wrjhwkhu zlwk +5;, dqg +63,/ lpsolhv
+YI ￿ Yv,^￿.5 ￿ I+4 ￿ p3











Lw lv hdv| wr vkrz wkdw wkh lqhtxdolw| dt3￿
I ￿ YI ￿Yv fdq eh uhduudqjhg dv













4.d ￿￿5 d ￿+ t 3￿
I ,
4￿￿l
zkhuh ￿ ￿A3ehfdxvh 4.d ￿￿5 d ￿+ t 3￿
I ,
4￿￿ A 3 +lwv vpdoohvw ydoxh/ dfklhyhg dw t3￿
I @4 >lv srvlwlyh,1
Qrwh wkdw ￿ ￿I lv d qxpehu vlqfh lw lv d ixqfwlrq rqo| ri sdudphwhuv +t￿
G dqg t
3￿
I duh ghwhuplqhg e| +93,
dqg +94,,1
Ixuwkhupruh YI ￿ Yv A 3 zkhqhyhu wkh uljkw kdqg vlgh ri +98, lv qrq0srvlwlyh=










￿￿ +4 . d￿,
= +99,
Fohduo| ￿I5 ? ￿ ￿I= Wkhuhiruh=
￿ dt3￿




I A 3 ￿ YI ￿ Yv li ￿I ?￿ I5?￿ ￿ I=Wklv dovr lpsolhv ￿￿
I @3dqg t￿
I @3 =
Zh frqfoxgh wkdw ￿I ? ￿ ￿I lv vx!flhqw iru ￿￿
I @3dqg t￿





















4.d ￿￿5 d ￿+ t ￿
G,
4 ￿ ￿l= +9:,
Fohduo|/ ehfdxvh ri +9, wkhuh duh n3 zklfk vdwlvi| erwk +99, dqg +9:,1￿
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Sulfhv ghfuhdvlqj lq wkh prqh| vxsso|1 Xvlqj wkh gh￿qlwlrq iru t￿
G/ pG @ p> p3










vr wkdw vlqfh ￿ ￿ ￿G lv qhfhvvdu| iru h{lvwhqfh ri dq htxloleulxp zlwk wzr orfdo fxuuhqflhv/ wkhq
Ct￿
G
Cp A 3= D
vlplodu surfhgxuh lv xvhg wr suryh wkdw
Ct￿
I
Cp3 A 31 Wkh vwdwhphqw lq wkh fruroodu| iroorzv iurp rxu gh￿qlwlrq
ri ￿sulfh￿ lq whupv ri fxuuhqf| g/ l1h1 4
t￿
g=
H!flhqw sulfhv1 Frqvlghu d grphvwlf vhoohu dqg iru frqyhqlhqfh ohw n3 @3vr wkdw qrq0orfdo wudgh lv uxohg
rxw1 Dq r￿hu lv h!flhqw li lw vroyhv wkh vrfldo sodqqhu*v sureohp ri pd{lpl}lqj wkh h{0dqwh olihwlph xwlolw| ri
lqglylgxdov lq hdfk frxqwu|/ ghqrwhg e|
￿Z @ p￿YG .+ 4￿p , ￿Yv>
e| fkrlfh ri tG> zkloh wdnlqj dv jlyhq wkh wudglqj duudqjhphqwv1 E| vxevwlwxwlqj wkh htxloleulxp ydoxh
ixqfwlrqv +63, dqg +64,/ zh rewdlq
￿Z @
￿G+4 ￿ p,p
￿ . ￿G+4 . p,
^5+t
￿
G ￿ tG,+￿ G.￿,￿￿t
￿
G‘>

















G +￿G . ￿, ￿ ￿+￿ ￿ 4,t
￿￿5
G ? 3=













p @ ph ￿
+￿G . ￿,^￿ G￿d ￿+￿ G.￿,‘
￿G ^+￿G . ￿,+4 . d￿ ￿ 5￿,.￿‘
=




I . ￿,^￿ 3




I . ￿,+4 . d￿ ￿ 5￿,.￿‘
>
iru wkh iruhljq frxqwu|1 Lw lv hdv| wr vhh wkdw p
3h>p h 5+p>￿ p,iru ￿A3vpdoo dqg ￿G>￿ 3
I lq d qhljkerukrrg
ri rqh1 Li n3 lv vx!flhqwo| vpdoo/ wkhq doo frqglwlrqv vhw lq sursrvlwlrq 4 krog1￿
66Surri ri Ohppd 4
Lq zkdw iroorzv zh surylgh frqglwlrqv vx!flhqw wr jxdudqwhh wkh h{lvwhqfh dqg xqltxhqhvv ri d srvlwlyh
￿{hg srlqw +t￿
G>t￿
I,rq d vxevhw ri +3> ￿ t,51
41 Ilqglqj wkh ￿{hg srlqw1 Ohwwlqj {G @+ dtG,
￿ ￿tG> dqg {I @+ dtI,
￿ ￿tI> uhzulwh +7;, e| dgglqj dqg
vxewudfwlqj +dtG,
￿ wr wkh uljkw kdqg vlgh ri wkh vhfrqg htxdwlrq/ dqg +dtI,






































e 7{ G.{ I @3 =















d￿+f4 ￿ e7, ￿ f5




Qrwh wkdw f4 ￿ e7 Ae 4￿e 6A3 >dqg wkdw
f4 ￿ e7 @ ￿ . ￿G+4 ￿ p,.￿ I+4 ￿ p3
I, ￿ ￿ . f5
e4 ￿ e6 @ ￿ . ￿G+4 ￿ p, ￿ ￿ . e5=
Wkhuhiruh ohw
￿ ￿
d￿+￿ . f5, ￿ f5





Qrwh wkdw vlqfh f5
￿.f5 A e5

















￿ . f 5
￿ 4
￿
+ehfdxvh f5 Ae 5 ,d q g￿A4li d?
￿
e 5




wkh qhjdwlyh qxphudwru zrxog eh odujhu/ lq devroxwh ydoxh/ wkdq wkh qhjdwlyh ghqrplqdwru,1 Xvlqj tG











6751 Frqglwlrqv iru t￿
g A 3 dqg t￿
g ? ￿ t=
￿ t￿











￿ . f 5
￿ 4
￿




￿ . e 5
￿ 4
￿
>lq zklfk fdvh ￿A4 / wkh ohiw kdg vlgh lv qhjdwlyh zkloh wkh uljkw kdqg vlgh
lv srvlwlyh/ vr wkdw wkh lqhtxdolw| lv dozd|v vdwlv￿hg1
￿ t￿
g A 3 ;g = Qrwh wkdw vlqfh f4 Af 5/d q g￿A4 / d vx!flhqw frqglwlrq iru t￿
I A 3 lv






































￿ . f5 ￿ f5 ? 3
|lhoglqj






+ d ￿f 4￿f 5,?3 = +:3,
Qrwh wkdw zkhq ￿?￿ K/d O?
￿
e 5






￿ . f 5
￿ 4
￿
=Wkhuhiruh/ li d @ dO wkhq wkh ohiw kdqg vlgh
ri +:3, lv vwulfwo| qhjdwlyh vlqfh +d￿f4 ￿ f5, ? 3 dqg d￿ +￿ . f5,￿f5 ? 3= Zkhq dO ?d?
￿
e 5
￿ . e 5
￿ 4
￿






wkhq ￿ $4vr wkdw wkh ohiw kdqg vlgh
















+ d ￿f 4￿f 5,￿3iru doo d ￿ dK=
Wkhuhiruh +:3, lv vdwlv￿hg iru doo d 5 +dO>d K,=￿
Surri ri Ohppd 51
41 Frqglwlrqv iru ￿￿
g @4 ; g= Lq wklv htxloleulxp wkh sursrvhg txdqwlw| r￿huv vdwlvi| +5;, dqg +77,/ wkdw
lv +dtg,￿ @ Yg ￿ Yv ;g1 Iurp +55,/ ￿￿
g @4rqo| li vhoohuv kdyh d srvlwlyh wudgh vxusoxv diwhu surgxflqj
t￿
g> l1h1 t￿
g ? ￿ t= Zh kdyh vkrzq wkdw wklv lqhtxdolw| lv vdwlv￿hg zkhq wkh frqglwlrqv olvwhg lq ohppd 4
krog1
6851 Frqglwlrq iru ￿
3￿
I @4 =Qrwh wkdw t￿
I ? ￿ t lv qrw vx!flhqw wr jxdudqwhh wkdw iruhljq vhoohuv vhoo iru
fxuuhqf| I> ￿
3￿
I @4 1 Wklv ehfdxvh zh kdyh frqmhfwxuhg wkdw YI ￿ Yv ￿ Y 3
I ￿ Y 3
v +zh zloo surylgh
frqglwlrqv iru wklv wr krog lq wkh iroorzlqj vxevhfwlrq,1 Wkhuhiruh/ zh pxvw ￿qg d frqglwlrq vxssruwlqj
Y 3
I ￿ Y 3
v At ￿
I +lq zklfk fdvh iruhljq vhoohuv kdyh d srvlwlyh vxusoxv iurp wudgh/ zklfk vdwlv￿hv +55,,1







+4 . d￿,^￿ 3
G+4 ￿ p,.￿ 3
I+4 ￿ p3
I,‘
￿ .5^ ￿ 3




zkrvh uljkw kdqg vlgh lv pd{lpl}hg dw ￿ @3 >ehfrplqj
+4.d￿,
5 = Vlqfh wkh xsshu erxqg ri wkh ohiw kdqg
vlgh lv ￿ t/ wkhq wkh lqhtxdolw| lv dozd|v vdwlv￿hg ehfdxvh d￿ ?
+4.d￿,
5 =
61 Frqglwlrq iru YI ￿Yv ￿ Y 3
I ￿Y 3
v= Zh pxvw ￿qg d frqglwlrq vxssruwlqj +dt￿
I,










Wkh UKV ri wklv lqhtxdolw| pxvw eh srvlwlyh/ wkdw lv d
￿g4￿g5














Ehfdxvh ri wkh htxloleulxp uhtxluhphqw olvwhg hduolhu d vx!flhqw frqglwlrq iru wkh UKV ri +:4, wr eh
srvlwlyh lv dOI ￿ dO/ dq lqhtxdolw| wkdw/ diwhu vrph dojheud/ dprxqwv wr
￿+n ￿ n3,
k
+4 ￿ S,+4 ￿ p
3
I, ￿ +4 ￿ p,S
l
￿ 3= +:5,
Xvlqj +6,/ +7,/ wkh htxloleulxp glvwulexwlrq ri +6:,/ +dqg uhfdoolqj wkdw PG ?S, >wkhq
4 ￿ p3
I @
+4 ￿ PG ￿ PI,
+4 ￿ PG,





Lw iroorzv wkdw li nAn 3 / wkh OKV ri +:5, lv qhjdwlyh zkhqhyhu PG ? 5S ￿ 4 +zklfk reylrxvo| dovr
uhtxluhv SA3 = 8,= Li n?n 3/ wkh OKV ri +:5, lv qhjdwlyh zkhqhyhu PG A 5S ￿ 4= Wkhuhiruh +:5, +dqg




PG A 5S ￿ 4> li n?n 3
P G￿5 S￿4dqg S ￿ 4
5> li n ￿ n3=
+:6,






69dqg +xvlqj wkh gh￿qlwlrq ri ￿, qrwh wkdw dv n3+4 ￿ S, $ 3> wkhq f5 $ e5 vr wkdw ￿ $ 4= E| frqwlqxlw|
wkhuh h{lvwv odujh S dqg vpdoo n3 vxfk wkdw +:4, lv vdwlv￿hg iru vrph d 5 +dO>d K,=￿
Surri ri Ohppd 61
Wr vkrz wkdw sur￿wv duh pd{lpl}hg/ e| fkrrvlqj t￿
g vdwlvi|lqj Ohppd 4 dqg +5;, dqg +77,/ zh frqvlghu
wkh sur￿w ixqfwlrqv ￿+Tg, dqg ￿3+T3
g, xqghu doo srvvleoh rqh0wlph ghyldwlrqv lq r￿huv/ wdnlqj dv jlyhq ydoxh
ixqfwlrqv/ glvwulexwlrqv dqg sulfhv lq doo rwkhu pdwfkhv157
41 Fxuuhqf| G> Grphvwlf Vhoohu1 ￿+TG, pxvw eh pd{lpl}hg zkhq t￿
G vdwlv￿hv +7<,1 R￿hulqj d kljkhu
txdqwlw| lv qrw dq htxloleulxp vlqfh wkh suredelolw| ri d vdoh zrxog qrw lqfuhdvh1 Wkh rqo| srvvleoh
ghyldwlrq lv r￿hulqj TG @ dt￿
G zklfk/ jlyhq +66, dqg +5;,/ wdnhv dzd| wkh vxusoxv irup doo grphvwlf
ex|huv zlwk G1 Qr ghyldwlrq rffxuv li ￿+t￿
G, A ￿+dt￿








+vhh surri ri sursrvlwlrq 4,1 Vxevwlwxwlrq ri t￿





















dqg vlqfh d plqlpxp iru t￿



















Wkh ohiw kdqg vlgh ri wklv odwwhu lqhtxdolw| lv qrq0srvlwlyh zkhqhyhu +￿ ￿ 4,+5 ￿ dO,￿





Vlqfh d plqlpxp iru +5 ￿ dO,@+4 ￿ dO, lv jlyhq e| 5> dqg vlqfh ￿ $ 4 dv n3+4 ￿ S, $ 3 wkhq wkhuh
h{lvwv d vx!flhqwo| vpdoo n3 wkdw vdwlv￿hv +:7, zkhq d lv lq d uljkw qhljkerukrrg ri dO=
51 ￿
3￿
G @3 1 Iurp +55, zh qhhg wr vkrz wkdw V3+T3




G @3 /p 3
G@3 /d q g
qdwlrqdolw| lv sulydwh lqirupdwlrq/ d iruhljq vhoohu phhwlqj d ex|hu zlwk G h{shfwv khu wr eh d grphvwlf
wudghu1 Wkxv zh pxvw vkrz wkdw wkh iruhljq vhoohu*v vxusoxv irup ghyldwlqj +dffhswlqj G, lv qrq0srvlwlyh
hyhq zkhq kh r￿huv wkh vpdoohvw txdqwlw| T3
G ￿ dt￿
G dw zklfk vrph grphvwlf ex|hu zlwk G zrxog ex|1





G ￿ Y 3
v ￿ 3= +:8,
57Vlqfh d grphvwlf vhoohu fkrrvhv erwk ’( dqg ’8c vkh frxog vlpxowdqhrxvo| ghyldwh iurp erwk ^W
( dqg ^W
8 / iru rqh shulrg1
Zh gr qrw frqvlghu wklv w|sh ri ghyldwlrqv/ exw rqo| rqh txdqwlw| dw d wlph1




















Zh nqrz wkdw li +:8, krogv/ wkhq Y 3




G ? 4= Dv suhylrxvo| grqh +vhh surri
ri Srusrvlwlrq4, wkhuh duh wzr fdvhv wr frqvlghu= +l, dt￿
G ￿ Y 3
G ￿ Y 3
v A 3 ru +ll, dt￿
G A 3 ￿ Y 3
G ￿ Y 3
v=
Vxssrvh Y 3
G ￿ Y 3
v A 3= Wkhq E3
G>l+t￿







￿+4 . d￿,‘= +::,
Xvlqj +5;, dqg +6<,
+Y 3
G ￿ Y 3
v,^￿.5 ￿ 3
G+4 ￿ p,‘ @ ￿3
G+4 ￿ p,+t￿
G,
￿+4 . d￿, ￿ 5+￿ 3








v lq htxloleulxp lv d ixqfwlrq ri t￿
I/ gh￿qhg e| +7:,1 Fohduo|/ wkh prvw uhvwulfwlyh fdvh iru
+:8, wr krog lv zkhq Y 3
G ￿ Y 3
v lv wkh odujhvw/ zklfk rffxuv zkhq Y 3
I ￿Y 3
v ￿ t￿

























Lw lv hdv| wr suryh wkdw 4.d￿￿5d￿+t￿
G,
4￿￿ A 3 dozd|v/ vlqfh t￿
G ? ￿ t> wkhuhiruh wkhuh h{lvwv d vx!flhqwo|
vpdoo n3 wkdw vdwlv￿hv erwk +:<, dqg +:7,/ dqg khqfh +:8,1
61 Fxuuhqf| I>grphvwlf dqg iruhljq vhoohuv1 Uhvwulfw dwwhqwlrq wr wkh fdvh Y 3
I ￿ Y 3
v @ YI ￿ Yv> zklfk
zh nqrz h{lvwv +vhh ohppd 5, iru vrph fkrlfh ri wkh sdudphwhuv1 Iurp +53,/ ￿+TI, dqg ￿3+TI, pxvw
eh pd{lpl}hg zkhq t￿





+ ￿ Gp I.￿ Ip 3
I,+Y I ￿t￿











Vlqfh khuh zh duh dvvxplqj Y 3
I ￿ Y 3
v @ YI ￿ Yv/ rqo| rqh rwkhu srvvleoh txdqwlw| fdq eh r￿huhg e| d
vhoohuv +grphvwlf ru iruhljq, TI @ dt￿
I ￿ +YI ￿ Yv,
4
￿ = Wkh ghyldwlrq sur￿wv duh
￿+TI,@














I ￿ Y 3
v,=










I, A ￿+TI, li t￿
I ? d￿
5￿d= Wklv odwwhu uhtxluhphqw lv dozd|v vdwlv￿hg ehfdxvh t￿
I ?t ￿
G e| +7<,/ dqg




6;Surri ri Sursrvlwlrq 51
Wklv iroorzv iurp ohppdv 4 wkurxjk 6 dqg lpsolhv Y 3
I ￿ Y 3
v @ YI ￿ Yv= E| frqwlqxlw|/ vlplodu htxloleuld
h{lvwv lq d qhljkerukrrg ri wkh sdudphwhul}dwlrq fkrvhq1￿
Surri ri Sursrvlwlrq 61
Wkh irupdw ri wklv surri lv txlwh vlplodu wr wkh surri ri sursrvlwlrq rqh/ dqg zh zloo irfxv rq grphvwlf
vhoohuv dqg ex|huv1 Lq htxloleulxp/ xvlqj +83,0+86,/ wkh ￿sulflqj uxoh￿ +8;,/ wkhq +89, lpsolhv
￿YG @+ 4￿p ,+￿G . ￿I,^Y v￿Y G.+ t ￿
G,
￿‘
￿YI @+ 4￿p ,+￿G . ￿I,^Y v￿Y I .+ t ￿
I,
￿‘=
Vlqfh p @ p3 @ P lq htxloleulxp/ e| gh￿qlqj wkh frqvwdqwv
k3 @￿ .+ 4.p G￿p I,+￿G . ￿I,>k 4@+ 4￿p ,+￿G . ￿I,>
k5 @5 +￿ G.￿ I,>k 6@ ￿ .+ 4.p I ￿p G,+￿G . ￿I,>
wkhq
+YG ￿ Yv,k3 @ k4 +t￿
G,
￿ . k5 +pGt￿
G . pIt￿
I, ￿ k5pI +YI ￿ Yv,
+YI ￿ Yv,k6 @ k4 +t￿
I,
￿ . k5 +pGt￿
G . pIt￿
I, ￿ k5pG +YG ￿ Yv,=






￿ k3 @ k4 +t￿
G,
￿ . k5 +pGt￿
G . pIt￿





￿ k6 @ k4 +t￿
I,
￿ . k5 +pGt￿
G . pIt￿




Htxloleulxp txdqwlwlhv1 Xvlqj +;3, wkhuh lv d qrq prqhwdu| htxloleulxp t￿
g @3iru doo g= Vxewudfwlqj wkh
vhfrqg iurp wkh ￿uvw htxdwlrq lq +;3, zh rewdlq









zklfk lpsolhv wkdw dv orqj dv
d 9@
￿
+￿G . ￿I,+4 ￿ p,




wkhuh lv d xqltxh prqhwdu| htxloleulxp zkhuh t￿
G @ t￿
I @ t￿> zlwk
t￿ @
￿





D vx!flhqw +exw qrw qhfhvvdu|, frqglwlrq iru t￿ A 3 lv
pAp =
6<Ex|hu*v vwudwhjlhv1 Lw lv hdvlo| yhul￿hg wkdw ￿
￿
g>l+t￿




g @4 1 Vlqfh lq wklv htxloleulxp YG ￿ Yv @ YI ￿ Yv> wkhq xvlqj +55,/ jlyhq wkdw t￿
g @ t￿ vdwlv￿hv +;4,/
dqg jlyhq +85,/ lw iroorzv wkdw ￿￿
g @4zkhqhyhu t￿ ? ￿ t=
+ll, t￿ pd{lpl}hv ￿+t￿,1 Wdnlqj dv jlyhq wkh ydoxh ixqfwlrqv/ wkh h{shfwhg sur￿w iurp fkdujlqj wkh orz
sulfh pxvw eh wkh kljkhvw1 Xvlqj +53, wklv lv htxlydohqw wr
Yg ￿ +Yg ￿ Yv,
4










zklfk/ xvlqj +5;,/ lv vdwlv￿hg zkhqhyhu +t￿,
4￿￿ ￿ d￿
5￿d1 Qrwh wkdw li wkh odwwhu lqhtxdolw| lv vdwlv￿hg
wklv dovr jxdudqwhhv t￿ ? ￿ t1 Vxevwlwxwlqj +;4, lq +t￿,
4￿￿ ￿ d￿
5￿d dqg uhduudqjlqj zh rewdlq
+￿G . ￿I,
￿
pd4.￿ .+ 5￿d ,+4￿p￿d ￿,
￿
￿+5 ￿ d,d￿￿=
Lw iroorzv wkdw t￿ pd{lpl}hv ￿+t￿, rqo| li
￿ ￿ ￿G4 ￿
+￿G . ￿I,
￿
pd4.￿ .+ 5￿d ,+4￿p￿d ￿,
￿
+5 ￿ d,d￿ dqg p?￿ p=
Wkhvh frqglwlrqv duh qhfhvvdu| iru T￿
g wr pd{lpl}h sur￿wv iru doo g +zkhq T￿
g vdwlv￿hv +8;,,/ dqg duh
vx!flhqw wr jxdudqwhh t￿
g ? ￿ t vr wkdw ￿￿
g @4; g= Uhfdoo +iurp wkh surri ri sursrvlwlrq 4, wkdw dv d $ 4
wkhq ￿ p $ 4@5/ wkdw erwk p dqg ￿ p duh ghfuhdvlqj lq d/ dqg wkdw p ? ￿ p ;d1 Wkhuhiruh wkhuh duh PG
dqg PI wkdw vdwlvi| p 5 +p> ￿ p, ;d1
+lll, ￿3
g @4; g> dqg t￿ pd{lpl}hv ￿3+t￿,1 Vlqfh t3￿
G @ t3￿
I @ t￿ dqg p @ p3>wkhq lq htxloleulxp
Y 3




I,^+4 ￿ p,+4 . d￿,+t￿,
￿ .5 pt￿‘
￿ .5 + ￿ 3
G.￿ 3
I,
> ; g= +;5,
Lw iroorzv wkdw ￿
3￿
g @4; gli Y 3
g ￿ Y 3
v At ￿>uhduudqjhg dv
+t￿,
4￿￿ ?
+4 . d￿,+4 ￿ p,+￿3
G . ￿3
I,




zkrvh uljkw kdqg vlgh lv pd{lpl}hg dw ￿ @3 >lq zklfk fdvh lw ehfrphv
+4.d￿,
5 = Krzhyhu/ vlqfh wkh
xsshu erxqg ri wkh ohiw kdqg vlgh lv ￿ t/ wkhq wkh lqhtxdolw| lv dozd|v vdwlv￿hg ehfdxvh d￿ ?
+4.d￿,
5 =
Ilqdoo| t￿ pd{lpl}hv ￿3+t￿, zkhqhyhu ghyldwlqj wr fkdujh dt￿ grhv qrw lqfuhdvh wkh h{shfwhg sur￿w/
l1h1 Y 3
g ￿ dt￿ ￿ Y 3
v ￿ 5^Y3
g ￿t￿￿Y3





I,+4 ￿ p,+4 . d￿,
￿+5 ￿ d,.5 + ￿ 3
G.￿ 3
I,+5 ￿ d ￿ p,
>
73zklfk lv vhhq wr eh vdwlv￿hg zlwk htxdolw| e| d xqltxh ￿I4 A 3 vpdoo +t￿ lqfuhdvhv lq ￿,= Lw iroorzv wkdw
li
￿ ￿ a ￿ ￿ plqi￿G4>￿ I4j dqg p? ￿ p
wkhvh frqglwlrqv duh vx!flhqw iru ￿￿
g @￿
3￿
g @4; g /d q gqhfhvvdu| iru t￿ wr eh wkh sur￿w pd{lpl}lqj
txdqwlw| iru erwk grphvwlf dqg iruhljq vhoohuv1
+ly, Yg ￿ Yv ￿ Y 3
g ￿ Y 3
v= Xvlqj +8;,/ +;4,/ dqg +;5, wklv lqhtxdolw| fdq eh uhduudqjhg dv
￿^￿3
G . ￿3
I ￿ +￿G . ￿I,‘ ￿ 5+￿3
G . ￿3
I,+￿G . ￿I,+4 ￿ p,>
dq lqhtxdolw| vdwlv￿hg e| wkh vx!flhqw frqglwlrq
S ￿ 3=8 dqg n ￿ n3>
iru doo ￿A3+e| vrph ￿ vx!flhqwo| vpdoo/ rwkhuzlvh,1￿
Surri ri Fruroodu| wr Sursrvlwlrq 61
Frh{lvwhqfh iroorzv iurp frpsdulvrq ri wkh frqglwlrqv uhtxluhg iru wkh h{lvwhqfh ri htxloleuld zlwk wzr
orfdo fxuuhqflhv1 Qrwh wkdw iru ￿A3vpdoo/ wkh uhjlrq ri wkh sdudphwhu vsdfh vxssruwlqj wkh htxloleuld zlwk
orfdo fxuuhqflhv lv d vxevhw ri wkh sdudphwhu vsdfh vxssruwlqj htxloleuld zlwk wzr lqwhuqdwlrqdo fxuuhqflhv1
Qrwh wkdw lq wkh fdvh ri wzr orfdo fxuuhqflhv p @ PG@S> zkhuhdv lq wkh fdvh ri wzr lqwhuqdwlrqdo
fxuuhqflhv p @ PG . PI= Uhfdoo wkdw wkh htxloleulxp zlwk wzr lqwhuqdwlrqdo fxuuhqflhv grhv qrw h{lvw
li PG ?p S= Li PG . PI Apwkh wzr lqwhuqdwlrqdo fxuuhqflhv htxloleulxp h{lvwv1 Lw iroorzv wkdw li
PG 5 +p￿ PI>pS,dq htxloleulxp zlwk wzr lqwhuqdwlrqdo fxuuhqflhv h{lvwv/ zkhuhdv wkh htxloleulxp zlwk
wzr orfdo fxuuhqflhv grhv qrw1 Lw iroorzv wkdw rq wklv uhjlrq ri wkh sdudphwhu vsdfh wkh iruphu htxloleulxp lv
fohduo| d Sduhwr vxshulru rxwfrph1￿
74Iljxuh 4= H{lvwhqfh ri Htxloleuld
Iljxuh 5= Htxloleuld zlwk fxuuhqf| vxevwlwxwlrq dqg lqwhuqdwlrqdo sulfh glvshuvlrq
75